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DISTRIBUTION OF THE PARAMETERS 
OF THE GOMPERTZ AND WEIBULL FUNCTIONS 

FITTED TO THE DEATH RATES

by  J .  I zsák

D epartm ent of Biology, Teachers’ College, Szom bathely

A bstract: We have fitted  o,- • ebc1 shaped Gompertz function and a; • tbi 
shaped W eibu ll  function to  the q\1' dea th  ra te  of 100 different death  causes 
based on the v ita l statistics of the U nited States. According to  the d( - r2) de
term ination  coefficient, in bo th  cases th e  fitting  could be considered as good. 
The to ta l of the 100 6,- param eters in case of the Gompertz function according 
to th e  z~ te s t a t a 5%  level could be considered as of norm al d istribution, in case 
of th e  W eibu ll  function it  is not. The histogram  of th e  logarithms of the a,- 
param eters is more irregular, b u t also uuim odal. The d istribution of definite 
mode implies th a t some sort of statistical principle is valid in the form ation of 
the ai and 6,- stochastic param eters. The close to  norm al or close to lognormal 
d istribution  of the 6, param eter can be related  to our earlier observation th a t 
the dea th  cause frequencies follow a lognormal, or a t least close to  lognormal 
d istribution.

K ey ivords: Gompertz function, W eibull function, norm ality , lognorm ality, 
d istribution  of param eters.

Introduction

The incredible fast rate of growth of the average lifespan of the hom inids 
and then o f m ankind is partially due to  physiological, and partially —  in  
historical tim es practically only —  to social factors. Thus the cephalization of 
an exceptional rate and size, then the formation of a social environm ent lifted  
mankind to  am ong the longest-living species (C u t l e r  1976). It  is clear th at  
the average life expectancy of 70— 80 years o f today stands closer from the 
hum an biological point o f  view  to the natural than the earlier one cut about 
h alf by the bad living conditions and epidem ics. As the v ita l statistics show, 
the first biological signs of ageing are m anifested exactly  in the period (age 
30— 35) which earlier was close to the lim it o f the average hum an lifetim e. 
In  th is period, from the age of 35, age becom es a dom inant factor in death  
dynam ics (G a v r il o v  et al. 1978).

More concretely, there are a lo t o f data supporting the idea that in the often  
accepted form  A  a ■ ebt o i  the A(t) hazard function (Gompertz— Makeham  
model), the A  term  em bodying the background hazard, as compared to  the 
exponential term , w ill be negligible from the age of 30— 35 (Ga v r il o v  et al. 
1978). From this age on, the death hazard could be m odelled w ell by the  
A(t) =  a ■ ebt exponential function (Gompertz model).

The useability  of the Gompertz function has a large demographic and ger- 
ontologic literature. It is im portant to follow it  in certain areas o f the anthro
pological investigations too (A c sa d i and N e m e s k é r i 1970). There are less
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publications about the changing o f the risk o f different death causes due to  
age (K o h n  1963, L in z b a c h  1975, U p t o n  1977). And the ensem ble o f the qP  
death rates of the different death causes are hardly ever discussed as subject 
m atters o f investigations. The reason for th is could partially be th at these  
types o f  investigations are relatively far from the center of attention  o f classical 
dem ography, gerontology and epidem iology. The global review o f the structure 
o f death causes accordingto age —  which is the subject o f our publication too —• 
w ill lead to  paying more attention  to the hum an biological points of view .

According to  our earlier research, the change o f certain parameters of the  
ensem ble o f the death causes due to  age and the changes according to race 
and sex deserve attention  from the hum an biological point o f view . Because 
we found th at the concentration o f death causes calculated using the death  
cause categories o f a great number shows changes characteristic o f age ( I zsá k  
and J u h a s z -N a g y  1981, I zsá k  1982), and its value is generally higher in case 
of m en than in  case o f wom en ( I z sá k  and J u h á sz -N a g y  1980, 1981). The 
difference is more pronounced in the w hite race than in the black race ( I zsá k  
and J u h á sz -N a g y  1981). (W e have to  note though, that the latter difference 
in the studied statistics could be due to  the difference in  w ay o f life rather 
than to  that in race.)

The question has arisen: does the to ta l o f death hazards have some sort of 
structure in the statistical sense ( I zsá k  and J u h á sz -N a g y  1982a, 1982b) ? 
W e analyze the follow ing tw o questions in our publication related to  the above:

—  W hat kind o f formal characterization could be given for the set of 
graphs o f the qP  death rates betw een the ages o f 35— 79, th at is, w ithin the 
generally accepted dom ain o f the Gompertz function. We w anted to study  
th at to  w hat ex ten t are the Gompertz function o f the form A(t) =  a ■ ebt and 
the W eibull function of the form A(t) =  a ■tb suitable for the approxim ation  
o f the concrete qP  death rates. [R ecently  the use of WeibulTs hazard function  
has becom e wide-spread too (G r o ss  and Cl a r k  1975).]

—  D enoting the function fitted  to the graph o f the i death rate by at ■ eblt 
and by a,- • tbi, what is the distribution o f b, and o f a,- ?

This latter question could be related to  our earlier observation that normal 
distribution could be fitted  well to the logarithm s o f the frequencies of death  
causes ( I zsá k  and J u h á sz -N a g y  1982b). It seemed to be im portant the  
statistica l study o f the set of death rates also because w ithout this it  would  
be difficult to  interpret the secular changes o f the concentration o f death  
causes. I f  we talk about the redistribution o f the suppressed frequencies of 
death causes, or about the changes concerning equally the elem ents o f the  
ensem ble o f death causes, the sim ultaneous consideration o f the considered 
death causes of a great number (som etim es several hundreds) is possible only  
on the basis o f statistical experiences and on the basis o f such models.

Material and methods

We carried out our studies on the 1974 and 1975 death cause statistics of 
the U nited States (Vital Statistics o f the U .S. see at the literature), on sub
population of w hite m ales. This m aterial had often been used in our earlier 
works. F itting  was done at the age interval o f 35— 79, using those o f  the 
earlier considered 161 death cause categories o f the ICD ( I zsá k  and J u h á s z -
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N a g y  1981) in which the num ber o f death cases w ithin th e  age group of 35— 39 
for the years 1974 and 1975 was at least 5. Thus the num ber o f ICD categories 
included in  the study was exactly  100. We calculated th e  q(0 death rates for 
the 35— 39, 40— 44, etc. age groups so that the num ber o f death cases due 
to  i death cause w ithin the five-year  age group was divided by the number 
o f  the m idyear population o f the middle year given in thousands. The actuarial 
estim ates of the q f  death rates calculated (G e h a n  1969) was m ultiplied by  
100 for graph plotting reasons, then, after logarithm ization we fitted  straight 
line by the m ethod o f least squares in case o f the Gom pertz function to the 
pairs o f  points (t ; In g)") (t =  37.5; 4 2 .5 ; . . . ) ,  in case o f W eibull function to the 
pairs o f  points (In i; In q(,r>). The slope of the fitted  straight line can be con
sidered as the exponential parameter of the fitted  curve in  both cases. Also 
in both cases the axial intercept of the straight line is In ah which is actually  
In 5 X 105 =  13.12 tim es as big as the real In a;- (see above). In our conclusion 
th is has no im portance.

W e judged the goodness o f fittin g  by the determ ination coefficient, that is, 
by the square o f the linear correlation coefficient ( E z e k i e l  and F o x  1959). 
W e considered this sim ple index suitable for our investigations of inform ative 
and general character.

Results and discussion

The graphs according to  age of the logarithm ized q(f  values —  as expected —  
showed curves close to  the straight line or perhaps a b it concave curves. On 
Figure 1. the sem ilogarithm ic p lotting o f the death rate graphs o f the neo
plasm s can be seen. (Due to  this transform ation the shape o f the exponential 
curve w ill be a straight line.) Others have also observed sim ilar sets o f  curves, 
even if  not in such a fine division of death causes. According to  the d determ ina
tion  coefficient calculated after the fittin g  o f the Gompertz and W eibull 
functions, the fittin g  o f both  functions could be said good. As regards the 100 
ICD categories o f the study the average of the d coefficient in case o f the 
Gompertz function was 0.888, in case o f  the W eibull function  it was 0.971. 
The fittin g  of the former function seem ed better than the other in  45 cases, 
and the opposite —  the better fittin g  o f the W eibull function  —  was observed  
in 55 cases. Thus the measure o f fittin g  cannot support clearly one or the 
other typ e o f curve. Perhaps the Gompertz function can be supported by the 
fact th at fittin g  o f the W eibull function is better generally when the qf) 
graph is concave, which usually  is the result o f civilizational effects. It is neces
sary to analyse further though that w ith  w hat constellation of the parameters 
could the (total) Gompertz curve exist as the sum of the graphs of near expo
nential growth (see L o h m a n n  1978).

The histogram s o f the bt param eters in  the exponents o f  the fitted  expo
nential and power functions can be seen on Figures 2 a) an d b ). I t  can be stated  
th a t the 6,- parameters follow  a distribution at least near to  the normal in 
both  cases. Some irregularity can be seen only among the greater 6, parameters 
o f the W eibull function. The %2 value calculated for the norm ality study in case 
o f the Gompertz function w as 10.0 after the unification o f the two lower and 
the three upper frequency classes, and in case of the W eibull function it  was 
14.8 after the unification o f the three lower and the tw o upper frequency
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Fig. 1. Set of graphs of death  rates, logarithm ic plotting. Neoplasms, w hite males in the US, 
1974 and 1975. The num bers next the graphs are the ICD codes

classes. The critical value o f the test for the 8 classes gained this w ay at the  
5% level is 11.1; thus as far as the 6, parameters of the Gompertz functions 
are concerned, the hypothesis on norm ality is accepted, w hile in  case of the  
W eibull function it  is rejected on th is level. (W e have to  n ote that in  the latter  
case the essentially greater y2 value could be m ostly  due to  the especially  
sm all frequency o f the [7— 8] interval. Therefore the norm ality o f the b, 
param eters of the W eibull functions should not be rejected tota lly!)

The histogram s o f the logarithm s of the o, param eters (the axial intercepts 
of the straight lines) can be seen on Figures 3a) and b). As we have already 
m entioned, only the categories w ith  a frequency of at least 5 w ithin the age 
group o f 35— 39 were included in  the fittin g  study. This is the explanation for 
the fact that the Gompertz histogram  (the more regular one) is slightly askew
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Fig. 2. The histogram  of the bj param eters of th e  fitted  Gompertz and W eibtdl functions
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Fig. 3. The histogram  of th e  In a, param eters of th e  Gompertz and W eibull functions

from the left side. Probably the In a,- histogram  o f the W eibull function is not 
atypical either; the noticeably low  frequencies o f certain frequency sections 
could be the results of the fluctuation  of the sample. The norm ality stu d y  of 
the In a, histogram s was not carried out because of the m entioned truncation  
of the sample.

Evaluation of the results

As we have seen, both the Gompertz and the W eibull functions are suitable 
for the approxim ation o f the death rates w ithin the age interval o f 35— 39, 
and for the m odelling o f  the set o f the hazard functions A ,(t) for certain pur
poses.N o m atter which m odel we choose, the fitted  curves m ove apart form
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each other at a faster rate than the linear. This m eans that the concentration  
of death causes —  or the calculability of the death causes —  w ill increase w ith  
age.

The normal, or close to  normal distribution o f the b, parameters in  case 
of the Gompertz m odel is undoubtable. This could not be said about the  
W eibull m odel. I t  is possible though that there are some disturbing factors 
behind the deviation  from the normal distribution. N evertheless, in both cases 
the norm al or near to norm al distribution im plies th at we should look fo r  a 
kind o f common mechanisms behind the form ation o f  the b, slope param eters. 
W ithout th is, we would have to count perhaps w ith  the even distribution o f  
the 6, param eters, and by no means w ith an unim odal distribution. Practically  
the same th ing could be said about the distribution o f the a,- and the In a, 
parameters. The definite m ode of the histogram s im plies a statistical regularity  
which forms the size o f the parameters.

As far as the irregularities of distribution of the parameters o f the fitted  
W eibull functions are concerned, they  support —  even i f  only a little  bit —  
the Gompertz model.

The normal, or close to  normal distribution o f the 6; parameters is m ost 
probably related to  the already described phenom enon that the lognorm al 
distribution can be fitted  w ell to the death cause frequencies (see above). 
This relationship could be based on the fact the logarithm s of the A,-(t) hazard 
function values d irectly related to death cause frequencies are equal to the  
sums o f the logarithm s of the a, parameters and o f the t ■ 6, values or In t • 6,- 
values.

In case o f the Gompertz model:

In A,(t) =  In a,- -f- t ■ bh

in case of the W eibull model:

In Aj-(t) =  In o,- -|— Irt i • 6,-.

N evertheless, for the clarification o f the question more investigation is 
needed.

Summary

The global investigation  o f death hazards is the task  o f epidem iology parti
ally , and partially o f  human biology. The detailed epidem iological analysis 
of the group of more frequent illnesses and death causes, from the point of 
view  o f evolution  studies could not lead to results, because they  could hardly 
be taken into account when judging the basically biological questions due to  
the different effects o f the social environm ent. The point o f view  which considers 
the w idest possible circle of illnesses as the basis o f investigations seems to  
be more prom ising. W ith th is idea of investigation  we have studied the sta 
tistical characteristics o f the total o f the death hazard functions.

W e have established th at the exponential increase due to age betw een the 
age of 35— 39 of death rates, which is known in literature as Gom pertz’s law, 
is divided  in  the sense that exponential curves can be fitted  well generally to  
the age-graphs o f certain death rates. A t the same tim e, the fittin g  o f the

135



power function (W eibull model) had good results too. The slope parameter 
of the increase due to  age o f death hazards in case o f the Gompertz functions 
could be considered as o f normal distribution, in case of the W eibull function  
the norm ality hypothesis at the P =  5% level m ust be rejected. The normal, 
or close to  normal distribution o f the param eters supports the idea th at there 
is a com m on background to the form ation of the b, slope param eters. Practi
cally  th e  same idea is raised when studying  the distribution o f the logarithm s 
of the a,- parameters.

The norm ality o f the b, param eters and the lognorm ality o f the o, para
meters m ost probably have a role in  the phenom ena described b y  us earlier, 
that lognorm al distribution can be fitted  w ell to the tota l o f death cause fre
quencies.

As th e  continuation of our study, in  the future we would like to  investigate  
how the structure of the set of functions changes in case o f different sub
populations.

HALÁLOKI RÁTÁKHOZ ILLESZTETT GOMPERTZ- ÉS 
W EIB U LL-FÜ G G V ÉN Y EK  PA R A M É T E R E IN E K  ELOSZLÁSA

Ir ta : I z s á k  J á n o s  

Összefoglalás

Az Amerikai Egyesült Államokbeli v itá ls ta tisz tika  alapján 100 különböző halálok q f  halálo
zási rá tá jához a fh '  alakú G om pertz-függvényt és a,tÍ!i alakú W eibull-függvény t  illesztettünk. 
A d ( =  r2) determinációs együttható  szerint az illeszkedés általában m indkét függvény eseté
ben jó n ak  m ondható. A 100 6,- param éter együttese a Gompertz-függvény esetében / 2 próba 
szerint 5%-os szinten normális eloszlásúnak tek in thető , a W eibull-függvény esetében viszont 
nem. Az a, param éterek logaritm usainak hisztogram ja szabálytalanabb, de szintén unimodá- 
lis. A h a tá rozo tt móduszú eloszlás arra  u ta l, hogy az a,- ill. 6; kockázati param éterek  kialaku
lásában  valam ilyen statisztikai elv érvényesül. A 6,- param éterek normálishoz, ill. lognormális- 
hoz közeli eloszlása kapcsolatba hozható azon korábbi megfigyelésünkkel, hogy a haláloki 
frekvenciák lognormális vagy legalábbis ahhoz közeli eloszlást követnek.

(A M agyar Biológiai Társaság E m bertani Szakosztályának 1982. decem ber 13-i szakülésén 
elhangzott előadás; közlésre beérkezett 1983. szeptem ber 8-án.)
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