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SPHERICAL SOURCES — A HILBERT TRANSFORM METHOD
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A direct interpretation of magnetic anomalies due to spherical sources is devised from the first
horizontal and vertical derivatives of the vertical component of the field. The vertical derivative of
the field is computed from the horizontal derivative by means of the Hilbert transform. The
parameters of the sphere are obtained as a function of the abscissae of the points of intersection
of the derivatives, as illustrated in the text. Two theoretical examples demonstrate the utility of the
method. Moderately good results are obtained on field data pertaining to the vertical magnetic
anomalies over spherical sources in the Bankura area of West Bengal, India, and the Louga
anomaly, in the USA. This interpretation is applicable to horizontal and total magnetic anomalies
too. Gravity and self potential anomalies can also be interpreted by similar methods. This procedure
can easily be programmed.
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1. Introduction

Point poles, magnetic doublets and spheres are some of the most important
three-dimensional models in mining geophysics. Many methods are available
in geophysical literature to interpret magnetic anomalies of ground and air-
borne magnetic data. [Henderson and Zietz 1948 and 1967, Smellie 1956, G ay
1965, Radhakrishna Murthy 1974, Rao et al. 1973]. These methods are
subject to certain assumptions and are relatively cumbersome in their approach.

A more recent paper of Mohan et al. [1982] proposes a novel interpretation
of spherical sources by means of spectral analysis, although it again involves
tedious mathematical operations. In this paper, we present an elegantly simple
mathematical procedure to extract the parameters of the sphere, namely the
depth to the centre, the polarization angle and the radius. This process involves
the computation of the first horizontal derivative of the vertical magnetic
anomaly, and hence the vertical derivative by means of the Hilbert transform.
Making use of these two derivatives, the parameters are obtained by means of
simple mathematical expressions.

The application of the Hilbert transform in the interpretation of ground-
magnetic anomalies has been gaining greater importance of late. [Nabighian
1972, Mohan et al. 1982, Sundararajan 1982 and Sundararajan et al. 1983,
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1985]. In all these papers the concept of amplitude of the analytic signal is used
in precisely locating the origin. However, a mention can be made that this
amplitude curve can also be used to delineate the sources from regional magnet-
ic or gravity surveys. For all practical purposes, this method can also be realised
by simple programming.

2. Vertical magnetic effect of a sphere

The geometry of the model is shown in Figure 1, with Z as the depth to
the centre, R as the radius and Q as the magnetic polarization angle. The vertical
magnetic effect of such a model is given by

222—xZ}sin Q- 3xZ cos Q

_4 (
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where / is the intensity of magnetisation [Rao et al. 1973].

Fig. 1. Geometry of the spherical model
1. dbra. A modell geometriaja

Puc. 1. F'eomeTpuna mogenu.

Differentiating equation (1) separately with respect to x and Z we obtain
the first horizontal and vertical derivatives:
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where / is the intensity of magnetisation [Rao et al. 1973].
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where / is the intensity of magnetisation [Rao et al. 1973].

Fig. 1. Geometry of the spherical model
1. dbra. A modell geometriaja

Puc. 1. l'eomeTpus Mogenu.

Differentiating equation (1) separately with respect to X and Z we obtain
the first horizontal and vertical derivatives:

4/3a23
WK(X) = (Y2+z 272 “K* +z ) (2x Smq + 3Z cos Q) +

+ 5X((2Z2- x2) sin Q- 3XZ cos £7)]

A3rrn3y  r o,
vz(x) = X2+ Z2)72"'[(* +z )(4ZSIn0 _ 3* ASq) -

- 5Z((2Z2- X2) sin Q- 3xZ cos Q)] &)



Direct interpretation of magnetic anomalies... 175

According to Nabighian [1972], the horizontal and vertical derivatives of
a potential field forms a Hilbert transform pair. It can be represented here
symbolically as:

For mathematical convenience [Sundararajan 1982], either the positive
or negative of the vertical derivative can be taken as the Hilbert transform of
the horizontal derivative, since in both cases the magnitude of the field is the
same, with a 180° phase difference to each other.

The relationship between the vertical and horizontal derivatives can be
given in the form of Hilbert Transform equation as

+ CO

Vi) = \efy) = - +P )\(”_*’yk) dx @)

where P is Cauchy’s principal value of the integral [Thomas 1969].
This can be expressed in the form of convolution as:

Vz(x)= VX(x)*ﬁx (5)

where * denotes the convolution.

3. Interpretation

The location of the source—indispensible in geophysical interpretation—
can be determined by solving a simple equation of the horizontal and vertical

derivatives of the form
Ax) = [VAx)2+ Vz(x)2]1/2 (6)

The function A(x) is termed the amplitude curve of the analytic signal in
geophysical literature [Nabighian 1972 and Sundararajan 1982]. The graph
of A(x) attains its maximum value over the causative body. This is true for 2-D
and 3-D structures.

At x=0, equations (2) and (3) reduce to,

cos Q

vao) 3K 74 (7)
sin Q

Vz(0) 6K 24 (8)

where K - énRa.
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Dividing equation (8) by equation (7) we obtain the angle of polarization as:

— ' Vz(0)
Q=1tn" o) ©)

From Figs. 2 and 3 we see that the horizontal and vertical derivatives
intersect at three distinct points. Therefore we can consider,

W(x)=Mz(x) at x=xu x2and x3
where xu x2 and x3 are the abscissae of the points of the intersection of the
derivatives, as cited above. Then, using equations (2) and (3) the polynomial
equation will be
F(x) = 3x3(sin Q+ cos Q)+ 3x2Z(4 cos Q- 3sin Q) -
- 12xZ2(sin Q+ cos Q) —3Z3(cos Q- 25sin Q)

Fig. 2. The first horizontal (Vx) and vertical derivatives (Vz) of the vertical magnetic anomaly
and their amplitude curve (J1(x)) due to a sphere (Model I., for model parameters see Table 1)

horizontalis (\X) és vertikalis (F2 derivéltja, valamint az ezekb6l képzett amplitddé gorbe (J1(x))

Puc. 2. MNepsasa ropmsoHTanbHas (VX) n BepTukanbHasa (Vz) npoussogHas aHoManuu AZ,
06yCNOBIEHHON cthepnyecKoi Bo3myLLatoLLeil cuioi (Mogenb |, mapameTpbl ee CM.B Tabn.l),
a TaKke MnonyyeHHas No HUM amnanTygHas kpusas (A(X)).
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Dividing equation (8) by equation (7) we obtain the angle of polarization as:
Q =tan-1 9

From Figs. 2 and 3 we see that the horizontal and vertical derivatives
intersect at three distinct points. Therefore we can consider,

W)= M(x) at x=xI5x2and x3
where xI5 x2 and x3 are the abscissae of the points of the intersection of the
derivatives, as cited above. Then, using equations (2) and (3) the polynomial
equation will be
F(x) = 3x3(sin Q+ cos Q)+ 3x2Z(4 cos Q—3sin Q) —
- 12xZ2(sin Q+ cos Q)- 3Z3(cos Q- 2sin Q)

Fig. 2. The first horizontal (\&) and vertical derivatives (\Vz) of the vertical magnetic anomaly
and their amplitude curve (/t(.r)) due to a sphere (Model I., for model parameters see Table I)

2. dbra. Egy gémbi haté (I. modell, paramétereit lasd az I. tablazatban) tsZ anomalidjanak els6
horizontalis (\k) és vertikalis (V2) derivaltja, valamint az ezekb6l képzett amplitidé gorbe (A(Xj)

Puc. 2. MepBasa ropusoHTanbHaa (ty v BepTUKanbHasa (K2 npousBofHas aHoOManuu AZ,
06yCNOBIEHHON cdepryecKoii Bo3myLLatoLLeil cunoli (Mogens |, napameTpbl ee cM.B Tabn.l),
a TaKke MonyyeHHas No HAUM amnanTygHas kpusas (A(X)).
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Fig. 3. The first horizontal (Vx) and vertical derivatives (K) of the vertical magnetic anomaly
and their amplitude curve (A(x)) due to a sphere (Model II., for model parameters see Table 1.)

3. abra. Egy gdmbi hat6é (Il. modell, paramétereit lasd az I. tdblazatban) AZ anomalidjanak els6
horizontalis [VX) és vertikalis (V2 derivaltja, valamint az ezekbdl képzett amplitidé gorbe (A(x))

Pac. 3. MepBasa ropusoHTanbHas (U,) n BepTukanbHas (\z) nponssogHas aHomanun AZ,
cthepuyeckoii Bo3myLLaloLLein cunbl (Mogens I, napameTpbl ee cM. B Tabn.l), a Takxke
nosiy4eHHas no HUM amnanTygHas kpusas (A(X)).

This cubic equation in a could easily be solved for Z, i.e., the depth to the
centre of the sphere is obtained as:

Z3= (A/B)A] B2 .a3 (11)

Where x 1, x2and a s are the three real roots of equation (10), which also implies
that equations (2) and (3) possess these roots. The constants A and B are given

as:
A =sinQ+cos Q
B = cos Q—2sin Q

Since Q is already known, the depth Z to the centre of the sphere could easily
be obtained from equation (11).
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Squarring and adding equations (7) and (8) we get K as:

Z4 VM 2+ VzV»s V2
K~T 4-3 cos2Q

Thus, K vyields either the radius (R) of the sphere or the intensity of
magnetization (7) given as:

(12

\
. bl ®
= k3 (44

4. Theoretical examples

The procedure outlined above is demonstrated with two theoretical exam-
ples (Table 1). Using equations (2) and (3), the first horizontal and vertical
derivatives of the magnetic field are computed and shown in Figures 2 and 3.
These figures include the amplitude curve of the derivatives. It is observed that
there are three distinct abscissae at the points of intersection of the horizontal
and vertical derivatives.

The parameters, namely the magnetic polarization angle (Q), the depth to
the centre of the sphere (Z) and the radius (R), are evaluated using equations
(9), (12) and (13). The results are presented in Table | and it can be observed
that the assumed and interpreted values agree very closely, thereby supporting
the validity of the method.

Parameters Q* z* R*
Assumed 45 2.00 1.00
values

MODEL 1
Evaluated 45 1.96 1.00
values
Assumed 60 2.50 0.75
values

MODEL 1l
Evaluated 60.14 2.49 0.75

values
(* in arbitrary units and + in degrees)
Table I. Theoretical examples

I. tdblazat. Elméleti példak

Tabnuua I. TeopeTnyeckme npumepsbl.
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5. Field examples

The technique under discussion is tested on two field examples, the first
pertaining to the vertical component of the magnetic field in the Bankura area
of West Bengal, India (Fig. 4), and the second to the Louga anomaly in the
USA (Fig. 6, after Nettleton 1976). Both anomalies can be approximated by

spherical models.

(a) The Bankura Anomaly, West Bengal, India

The total length of the Bankura anomaly is around 9.28 km and it is
digitized into 100 equal parts at an interval of 92.8 meters. The first horizontal
derivative is computed manually and then it is convolved with (1/x) to obtain
the discrete Hilbert transform. Also the amplitude curve is computed, using
equation (6). The horizontal derivative, the discrete Hilbert transform and the
amplitude curve are shown in Fig. 5. Using equations (9), (11) and (13) the
parameters, namely the polarization angle (Q), the depth to the centre of the
sphere (Z) and the radius of the sphere are evaulated. Thus, the results obtained
(Table 11) are compared with that of Rao et al. [1977], and with those obtained
by the method of Monan et al. [1982].

Fig. 4. The vertical component of the magnetic
anomaly in the Bankura area of West Bengal,
India

4. &bra. Nyugat Bengalidban Bankura teriileten
(India) mért AZ anomalia

Puc. 4. AHomanua AZ, 3amepeHHas
B TeppuTopumn BaHkypa B 3anagHoii BeHranuu
(NHawnsa).

THE BANKURA ANOMALY, WEST BENGAL, INDIA

Parameters Z (km) R (km) Q
Hilbert Transform method 1.252 1.099 41.52°
Spectral Analysis method [Mohan et al. 1982] 1.312 0.993 41.50°
Rao et al. [1977] 1.32

Table lia. Field examples 1la. tablazat. Terepi példak Ta6nuua Ma. MoneBble NprUMepsI.
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Fig. 5. The first horizontal derivative (FJ, the Hilbert transform (FJ and their amplitude curve
(J1(x)) of the vertical component of the magnetic anomaly in the Bankura area of West Bengal,
India

5. &bra. A Bankura AZ-anomalia els6é horizontélis derivaltja (FJ, ennek Hilbert transzformaltja
(FJ és az ezekbdl képzett amplitidé gorbe (/)(.*))

Puc. 5. MepBas ropmusoHTanbHaa npoussogHas (FJ aHomanun AZ B baHkypa, ee Buj (FJ no
TpaHcgopmaumn MmabbepTa 1 NosyvyeHHas MO HUM aHoManbHasa Kpusas (A(X)).

(b) The Louga Anomaly, USA

Figure 6 shows the profile of the vertical magnetic anomaly on a north-
south line and a cross section of the probable source, a heavily magnetised
spherical body, after Nettieton [1976].. The entire length of the profile of
around 65 km is digitised into 101 equal parts, and then the horizontal deriva-
tive is computed. As in the previous case the vertical derivative and the am-
plitude curve have been calculated and shown in Figure 7. The parameters are
evaluated based on the procedure detailed in the text. The results obtained agree
very well with that of N ett1eton [1976], presented in Table Il. In addition, these
results are also compared with those of Monan et al. [1986], who used the
Mellin transform method for the integration of the gravity anomaly.
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MAGNETIC CENTER,

OBSERVED MAGNETIC / <*

o o ACALCULATED MAGNETIC o)

ZERO DATUM FOR MACNETIC CALCULATION A
7 MACNETIC \
/ POLARIZATION \
I (OIPZATD-*. I
SPHERE FO R ——T LOUGA ANOMALY

MACNE TIC CALCULATION
Fig. 6. The vertical component of the magnetic anomaly of Louga, USA, and the probable
source [after Nettleton 1976]
6. abra. A Louga (USA) ztZ-anomalia és a valészin( haté [Nettleton 1976 nyoman]

Puc. 6. AHomanua AZ B Jlyra (CLUA) v BepossiTHas Bo3myLlalroLwasa cuna
[no HeTTnetoHy, 1976].

Fig. 7. The first horizontal derivative (\%), the Hilbert transform (VJ and the amplitude curve
(A(x)) of the vertical component of the magnetic anomaly of Louga, USA

7. é&bra. A Louga (USA) méagneses AZ-anomalia elsé horizontdlis derivaltja (Vx), ennek Hilbert
transzformaltja (Vz) és az ezekbdl képzett amplitidé gorbe (A(x))

Puc. 7. MepBas ropmsoHTanbHas npoussogHas (KJ, ee Bug no TpaHchopmaumm Munbbepta (K.)
M NOMyYeHHas No HUM amnnuTyaHas kpmeas (A(X)).
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THE LOUGA ANOMALY, USA

Parameters Z (km) Q
Hilbert Transform method of the authors 9.78 19.40°
The method of Nettleton [1976] 9.88 20.00°
Mellin transform method [Mohan et al. 1986] 9.31

Table lib. Field examples lib. tablazat. Terepi példdk Tab6nuua lib. MoneBble NpumMepsl.
6. Conclusions

The method of interpretation of magnetic anomalies over 3-D sources by
the Hilbert transform is very accurate, reliable, simple and effective in its
approach. The amplitude curve of the analytic signal is extremely valuable for
the interpretation of sources of arbitrary shape as well.
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GOMB ALAKU HATOK OKOZTA MAGNESES ANOMALIAK ERTELMEZESE
- EGY HILBERT TRANSZFORMACIOS MODSZER

N. SUNDARARAJAN, B. UMASHANKAR, N. L. MOHAN és S. V. SESHAGIRI RAO

Gomb alaku haték okozta magneses anomaliak kozvetlen értelmezésére dolgoztunk ki egy
modszert a magneses tér elsé horizontalis és vertikalis derivaltjai felhasznalasaval. A tér vertikalis
derivaltjat Hilbert transzforméciéval szamitottuk ki a horizontélis derivaltbél. A gémb paramétere-
it a derivaltak metszéspontjai abszcisszai fliggvényeként hataroztuk meg. Két elméleti példan
bizonyitjuk a mddszer hasznalhat6sagat. Mérsékelten j6 eredményeket nyertiink a Nyugat-Benga-
liai Bankura és az egyesilt allamokbeli Louga tertleten, a gémb alakd hat6é okozta AZ-anomaliak
értelmezése sorén. Ez az értelmezés alkalmazhaté AH- és AT-anomalidkra is. Gravitacios és termé-
szetes potencial anomalidkat is értelmezhetiink hasonlé moédszerekkel. A médszer elénye, hogy
kénnyen programozhaté.

MHTEPMNPETALUWA MATHUTHbBIX AHOMANNA, BbIBBAHHbBIX COEPUYECKUMMU
BO3IMYWAKOWNMN CUNTAMN, METOAQOM TPAHC®OPMALUUN TUNBBEPTA

X. CYHOAPAPALXAH, B. YMALUXAHKAP, H. J1. MOXAH n C. B. CECXATVPN PAO

[ns HenocpefCcTBEHHOW WHTeprnpeTauMnm aHOManuii BblpaboTaH MeTOA, OCHOBaHHbIA Ha
MCMOMNb30BaHUN MNePBbIX BEPTUKA/IbHBLIX W FOPU30HTA/IbHBIX MPOU3BOAHBLIX MarHWTHOrO Mons.
BepTukanbHas Npov3BOAHas paccUUTbIBAeTCA M3 FOPU3OHTaNbHOM MPOM3BOAHONM TpaHcthopMma-
uvei MunbbepTa. MapameTpbl chepbl ONPeAensOTCA Kak 3aBUCUMOCTM abCumce TOYeK rnepeceye-
HVA NPOM3BOAHbLIX. BO3MOXbHOCTL MPUMEHEHUSA METO/a A0Ka3blBAETCA Ha [iBYX TEOPETUYECKUX
npumepax. OTHOCUTENBHO XOpOoLUKe pesynbTaTbl 6blM Nony4veHsbl AN baHkypa (3anagHas beHra-
nns) n gns Jlyra (CLUA) npy nHTepnpeTaumm aHomanuin AZ. MeTof UCNOJb3yeM U ANs MHTepnpe-
Tauuy aHoManuii AH 1 AT. Togo6HbIMM MeTOAaMMN BO3MOXKHA TaKXXe MHTepnpeTauus rpaButaum-
OHHbIX @aHOManuini M aHOManuin ecTeCTBEHHOro noTeHuuwana. MpenmyLiecTBO MeToAa - ferkas
BO3MOXHOCTb KOMMbOTEPU3AL NN,






