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ASPECTS OF FINITE DIFFERENCE MODELLING OF THE
ELECTROMAGNETIC FIELD OF AN OSCILLATING ELECTRIC
DIPOLE

Géabor PETHO*

Assuming a harmonic time dependent electric source parallel to the strike the paper deals with
the determination of its electromagnetic field for the plane which is perpendicular to the strike and
contains the source. The chosen numerical procedure is the finite difference method. A direct method
taking the blocked-tridiagonal structure of coefficient matrix into consideration is recommended
for solving the resulting linear system. After solving the set of equations for numerous spatial
wavenumbers the field components are determined numerically by inverse Fourier transformation.
The number and distribution of discrete spatial wavenumbers need to be planned. The way of
planning is shown by an example.
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1. Introduction

If we assume a 2-D conductivity structure the determination of the electro-
magnetic field of an electric source treated as a point source is a 3-D problem.
Fourier transformation may be used to substitute the three-dimensional prob-
lem for a series of two-dimensional problems. In the case of direct current
sounding Laplace’s and Poisson’s equations and in the present case (frequency
sounding) Maxwell’s equations are to be Fourier transformed over the strike
direction. As a result of Fourier transformation the series of 2-D problems
belongs to different spatial wavenumbers; inverse Fourier transformation en-
ables the field to be calculated. Dey and M orrison [1979] developed this method
to solve the three-dimensional potential distribution about a point source of
direct current located in or on the surface of a half-space containing 2-D
conductivity structure. Stoyer and G reentietd [1976] worked out the response
of a 2-D earth to an oscillating magnetic dipole source in this way. However,
their general formulation can be applied to electric dipole sources.
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2. Mathematical formulation

The basic relationships governing this electromagnetic phenomenon are Max-
well’s equations. Assuming only €' time dependent electric source they are:

rot _ —jnl A (1)

rot 1 = (ct+Jwe)é+X(2).
where is is the current density. If equations (1), (2) are reduced to components
in the x,y, z directions the Fourier transforms of the equations can be deter-

mined over the strike direction (x). If G denotes any component of E or U the
Fourier transform of G over x is:

G(kxy, 2) = } G(X Yy, z)e~ikxdx ®

The Fourier transform of the function SS over x is (—3kx) times G{kxy,z)

because G(x,Y, z) vanishes as x-> * oo if the source is placed to the origin of
the Cartesian system of coordinates. Taking into consideration the above-
mentioned relationships and assuming only an electric source parallel to the
strike the densest form of the Fourier transform of the component equations

(1), @) is:
S/_1_ 8HX O( 1 dHX dd gEx dd dEx
- Dkx-r A+ )k x-x -+ +yMX=0(4
dy dy dz Vbm dz ) "d{, dz ) Xz dy y )

o (_nEN d 1dEy dd dHx od dH
dy\iE dy) dz

Equations (4), (5) are called the Transverse Magnetic (TM) and the Transverse
Electric (TE) equation, respectively. In these equations Hx, Exare the Fourier
transforms of Hxand Exover x; Ixis the Fourier transform of the electric source
term in the strike direction. If k denotes the wavenumber, £ TM admittance,
TE impedance, TE admittance, TM impedance can be defined after Stoyer
[1974] in the following way: d = (k&~k2)~I; 'yMFjculr; 3E= (1

AE = ((j+jcue); aM= (1-k™/k2) ™. These parameters are constant within each
grid element (Fig. 1).

Without solving the coupled partial differential equations (4), (5) it is easy
to see that Ex(kx y, z) must be even in kx and Hxkx y, z) must be odd in kx
To verify the assertion above observe that isx is an even function in kx on the
right side of equation (5). Therefore the superposition of terms occurring on the
right side of equation (5) must be even in kx as well. It follows from this that
each term on the right side of equation (5) must be even in kx. It is possible if
and only if function Ex(kx y, z) is even and function Hx(kx,y, z) is odd in kx
In order to get the solution in the space domain the solution of equations (4),
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Fig. 1. Grid element of two-dimensional conductivity model in the (kx,y,z) domain

/. dwa Kétdimenzids vezetSképesség modell elektromos szimulacidjanak részlete a (kx,y, z)
tartomanyban

Pue. 1. ®parmMeHT 3M1eKTPUYECKOTO GOCMPON3BEAEHNS ABYMEPHON MO 31eKTPONPOBOAHOCTH
o6nactu (KXy, 2).

(5) isto be inverse Fourier transformed. This transformation for the plane which
is perpendicular to the strike and contains the source becomes simple because
x=0. This fact further simplifies the inverse Fourier transformations:

EXQ,y,2) = - Bx(kxy, 2) dkx ()

Hx(0,y, z) = 0 (7)

For a source-free area Hy, Hz, Ey, Ez can be expressed as a function of Exand
Hx. These are used for calculating the other components of the field :

LEX

@®
( dz Tkx  8HX
H1o, 1;‘1(1~KL|,K2))(OLI, K~k2 gy. dkr ©
dEx
( Sy \kx  8HX
HAD, /\ %‘\{\-KLI,KZ))(OLI, (ke-k2 @z 9K ©)
Ey(0,y,z) = 0 (10)

Ez(0,y,z) = 0 Q)
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3. Numerical process

As has already been pointed out the numerical procedure utilized is the
finite difference method. The coupled partial differential equations have been
given in (4), (5). The next step is to discretize them over a rectangular net.

3.1 Structure of the system of equations

Using a three-point difference operator for the second derivative and
averaging each term on the left-hand side over the four quarter blocks surround-
ing a central node, the final form of the finite difference equations is:

where Z denotes lumped impedances, C denotes coupling terms between the
central and one of the four neighbouring nodes, and Y denotes lumped admit-
tances (Fig. 1). Similarly to 2-D magnetotellurics the lumped impedances are the
parallel combinations of the impedances of two adjacent elements, and the
lumped admittances are the parallel combinations of the admittances of the four
elements surrounding a node.

The reciprocal values of coupling terms - which do not occur in mag-
netotellurics - are directly proportional to values £ of the adjacent elements and
are independent of the size of elements. For example Zf, C, and Tf can be
given by the formulae:

1 JL (éZ* + 14

Zf AzvVaf ifJ 14

A= 2jM ,-in) (15)

X’XI AyLA zu ™ + AyRAzV-Yjf+ AyRAzZLY% + AyLAzLy ft (16)

Using a Neumann-type boundary condition in equations (12) and (13),
Pi= 0 if point P, is outside the grid, and pt= 1in any other case. If we use a
terminal-impedance type boundary condition, i.e. the edge of the mesh is
grounded, the outward-directed lumped impedances are a fraction of the in-
ward-directed lumped impedances. This can be accomplished by a suitable
choice ofpt. In equation (13) isaxis the Fourier transform of the strike directional
electric source term in finite difference form. The sources can be treated like
distributed parameters [Stoyer 1974]. Oscillating electric dipoles are treated as
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point sources in the strike direction. If their lengths were finite in the strike
direction, the Fourier transforms of sources would be oscillating functions in
kx. The strike directional source term on the surface is treated as a Heaviside
function in the two adjacent quarter elements situated below the surface (Fig. 2).
The treatment above makes it possible to determine the Fourier transform of
the electric source placed in the strike direction:

00

isAx)e~lloddx = isx  (17)

It means that there is only one node that has a source term different from zero,
and it is equal to the applied electric source.

Fig. 2. Treatment of an electric source in strike direction on the surface
2. dbra. Felszinen lev6, csapasiranyu elektromos dip6lus egyszer(sitett vazlaza

Puc. 2. ¥YnpouieHHas cxema 3NeKTPUUYEcKoro Aunons, napaniensHoro npocTupaHuto
1 HaxofsALEerocs Ha NoBePXHOCTHU.

After decomposition of finite difference equations (12), (13) to equations
containing either real (R) or imaginary (I) terms we get four (TMR TM,, TER
TE,) equations belonging to a node. Progressing column-wise on the grid nodes
from left to right and writing the equations successively the resulting linear set

of equations has the form (Fig. 3)
[Q}?2=$ (18)
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Fig. 3. Structure of a coefficient matrix belonging to a grid with three rows and seven columns
3. dbra. Harom sorbol és hét oszlopbol allé racshoz tartozé egyitthatomatrix szerkezete

Puc. 3. CTpyKTypa MaTpU4HOro Koah@uumeHTa, NpUHAANeXallero CeTke, COCTOALLEH 13 Tpex
CTPOYEK 1 cemmn rpad.

Coefficient matrix [Q] has a band structure, it is a square and non-symmetrical
matrix; is the column vector of unknowns containing the components in the
order of Hx, Hx, Ex, EX\£is a column vector containing the Fourier transforms
of source terms in finite difference form belonging to TMR TMj, TER TEj
equations. If we use a Neumann-type or terminal-impedance type boundary
condition, [Q] has a blocked-tridiagonal structure as well. If the grid has m rows
and n columns and m is smaller than n it is worth numbering the nodes
column-wise, because the size of blocks and [Q] can be partitioned in the form:

[B] =M~LW i = [U[W 19

where / denotes the number of the actual column, [F], and [N], are co-diagonal
blocks, and [J1], represents main diagonal blocks. Each block has 4m.4m

elements. Vectors and 3 can be partitioned in the same manner: J?, and
belong to column /.
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3.2 Solution of the set of equations

Schechter [1960] suggested a reduction of Q to the form shown in equa-
tion (19) where L and U are square matrices, partitioned in the same manner
as [Q\, of the form

L = {[OAAO]}; (20)
. [U = {[onn143a (21)

where [/], denotes unit matrix.
From equations (19), (20), (21) [A], may be determined recursively:

ML = [ML (22)
ML =[Mi- U/UT-"H/-1  [=2,3,....«. (23)

Introducing [U]™= P the first step is to solve [L]I"=?.Its solution may be
obtained recursively too:

Pi = (24)
P= A[MUTM-18-1 1223 ..« (25)
The solution of [U])t= P is equal to those of (18):
t = [A];IPn (26)
2. = [AIFI(2,-[N\A+0 /= «-1,¢-2,...,2.1 @7)

Using the same geoelectric section and frequency withthesame grid size but
having another source position or another type of source (/?) one has only to
change in the source terms of equations (24), (25):

Pi = A (28)
p=A -UWNTAP-1 1=23 .., « (29)

The advantage of this decomposition is obvious from the above: it reduces the
AmnAmn matrix ([£]]) inversion to « 4m.4m matrix {[A]t) inversions.

This direct method was applied to solve that part of the problem related
to the homogeneous half-space. We were restricted to the case of Ax=0. The
frequency 20 kHz, the grid 12 by 25 nodes, and the conductivity of the earth
was 0.01 mho/meter. The number of unknowns is 1200. The distribution of the
absolute value of strike directional electric field in Vm™1 and the structure of
the grid are illustrated in Figure 4. The source was placed on the surface (6th
row) and into the 13th column, its current intensity was 10 A. The smallest grid
elements, having a length of 5m and a width of 5m, are next to the source.



Fig. 4. Distribution of Fourier transformed strike directional field component in V/m

4. dbra. Csapasiranyl elektromos térkomponens Fourier transzformaltjanak izovonalas térképe
V/m-ben

Puc. 4. KapTa usonuuuii V/m TpaHcdopmaTta ®ypbe 37eKTPUUECKOoi KOMMNOHEHTbI Nons,
napannenbHOn NPoCTUPaHMIo.

3.3 Planning of wavenumber domain

The set of equations (18) has to be solved for different kx values. The
simultaneous aim is to compute for as few kx values as possible and to achieve
suitable accuracy. For this reason the number and the distribution of discrete
spatial wavenumbers need to be planned. They depend upon the geoelectric and
geometric parameters of structures, the frequency and the transmitter-receiver
arrangement. We can only plan for 2—D geoelectric sections. The electromag-
netic field of an electric dipole source placed on a homogeneous or a layered
half-space can be computed for a line which is parallel to the strike direction
and is situated on the surface. After this these functions are to be Fourier
transformed over x. In order to get accurate space domain values by inverse
Fourier transformation for x =0, we have to choose the appropriate number
and distribution of kx values. Figure 5 shows the Fourier transforms of strike
directional electric field components computed numerically from the space
domain values over half-spaces of different conductivity [Takacs 1983]. Assum-
ing a horizontal electric dipole source in the x direction on the surface, the
electric field has been determined for the line which is parallel to the x-direction
and is situated 900 metres from the source on the surface. The current intensity
of the source is 1 A. Formulae derived by Bannister and Dube [1978] allow
ready computation of these functions. The Fourier transform of component Ex
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with indices 1, 2, 3 refers to gx= 190 =800 Hz\g2=24Rm ,f2~ 244 Hz;
g3=60RBm,/3=25 Hz, respectively. Subsequent inverse Fourier transformation
showed that the 13 kx values selected logarithmically in the range of 0<kx i

v

i 1.648 10 3m 1were sufficient to achieve an accuracy within 1%in the x =0
plane. In this way, ifwe have a 2-D inhomogeneity embedded in a 1-D structure,
we can determine approximately for which kx values the set of equations is to
be solved.

Fig. 5. Fourier transforms of strike directional
electric field components over a half-space
computed for a line parallel to the source in the
strike direction

5. dbra. Csapasiranyd mos dipdlus csapasiranyu
mos tér komponenseinek Fourier transzformaltjai
forrassal parhuzamos felszini vonal mentén
homogén féltér esetén

Puc. 5. TpaHctopMmaTbl Pypbe 31eKTPUYECKON
KOMMNOHEHTbI N0As, NapannenbHoin NPoCcTUpaHuio,
Haf OfHOPOAHBLIM NONYNPOCTPAHCTBOM,
paccuvTaHHble BAONb NMHWUW, NapannenbHoi
WCTOYHUKY BLOMb NPOCTUPAHUS.

4. Conclusions

Earlier the response of a 2-D earth to an oscillating magnetic dipole
source was investigated. The present work describes a numerical method which
makes it possible to determine the electromagnetic field of an oscillating electric
dipole source placed on a 2-D earth. The electric source is parallel to the strike
and it is treated as a point source. The result of a parity test is taken into
consideration to determine the field components for the plane which is perpen-
dicular to the strike and contains the source. The algorithm worked out by
Schechter has been applied to find the solution to the set of equations. On the
basis of the numerical calculations the spatial wavenumber domains to be
considered are equal under the condition of constant transmitter-receiver dis-
tance.
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MEGJEGYZESEK AZ OSZCILLALO ELEKTROMOS DIPOLUS FORRAS
ELEKTROMAGNESES TERENEK NUMERIKUS MODELLEZESEHEZ

PETHO Gébor

Harmonikus, id6tél fligg6, csapasirannyal parhuzamos elektromos forrast feltételezve a cikk
a csapasiranyra mer6leges, a forrast tartalmazo sik elektromagneses terének meghatarozasaval
foglalkozik. Az alkalmazott numerikus eljaras a véges differenciak modszere. Az egyiitthaté matrix
blokktridiagonalis szerkezetét figyelembe vevé direkt modszert javasolja a kapott linearis egyenlet-
rendszer megoldasara. Szamos térbeli hullamszamra megoldva az egyenletrendszert, a térkompo-
nenseket inverz Fourier transzformacié segitségével hatarozza meg numerikusan. A diszkrét térbeli
hulldmszamok szamat és eloszlasat meg keH tervezni. Ezt az eljarast egy példan keresztiil mutatja
be.

LUN®POBOE MOLE/TMPOBAHNE SNNEKTPOMAIHUTHOIO NOJ1IA ABYMEPHOIO
KAYAKOLWENOCA SJIEKTPUYECKOIO AMNMNOIA

[a6bop MET3

B cTaTbe paccMaTpuBaeTCsi ONpefeseHne 3M1eKTPOMarHUTHOrO Mons NAOCKOCTU, NepneHau-
KyNSipHOW NMPOCTMPaHWIO U MPOXOAsLLE Yepe3 NCTOUHMK, Npefnonaras rapMoOHUYECKNA aneKTpu-
UecKniA UCTOYHUK, NapanienbHblii CTPYKTYPHOMY MPOCTUPAHWIO U 3aBUCALLMIA OT BpemeHu. MMpu-
MeHseTCs LMgpoBoIi MeToa — Cnocob KOHEYHbIX pasHOCTel. AN pelleHnst MoNyYeHHO! NMHeHOM
CUCTEMbI PEKOMEHAYETCS MPSAMOI MeTOf, YUMThIBAKOLWUIA 6GNOKOBYHD, TPUAMATOHANIbHYIO CTPYKTY-
py MaTpUyHOro koaduumeHTa. Benep 3a pelleHneM CUCTEMbI YpaBHEHUIA HECKONIbKMX 06bEMHbIX
BOJTHOBbIX UMCE/ MOMEBbIE KOMMOHEHThI OMpPeAenstoTCs B LU(POBOM BUAE, C NOMOLLbIO 06paTHbLIX
TpaHcgopmaToB ®dypbe. He06X04MMO 3annaHMpPoBaTh pacnpefefieHne U KOMYECTBO [AUCKPETHBIX
06bEMHbIX BO/THOBBLIX YMCE/, YTO UAMKOCTPUPYETCA KOHKPETHLIM MPYMEPOM.



