GEOPHYSICAL TRANSACTIONS 1986
Vol. 32. No. 1 pp. 3142

UPWARD CONTINUATION OF UNEVENLY SPACED POTENTIAL
FIELD DATA USING EQUIVALENT SOURCES

Marian IVAN*

A complex gravity model is used to compare various upward continuation procedures based
on solving integral equations. Such techniques that assume the processed field to be equal to the
fieid of a certain distribution (equivalent source) located on the surface are useless in areas of very
rugged topography. Good results are obtained by assuming the observed gravity field to be equal
to the potential of a dipole distribution. The relation to the equivalent source concept is a formal
one and the equations can be derived from the potential field theory. The accuracy of the results
is discussed in relation to the edge effects, the values of the sampling interval, the number of
iterations performed and the formula used for approximating the integrals.

Keywords: upward continuation, irregular surfaces, gravity field, integral equations, equivalent sources

1. Introduction

The equivalent source concept has been introduced in order to solve some
inverse problems of applied geophysics [e.g. Har1 1958, Corbats 1965, Zida-
rov 1965]. A density (magnetization) distribution is said to be equivalent to a
gravity (magnetic) source body when the field of this distribution is equal (or
very close in actual cases) to the observed field on the topographic surface. The
goodness of fit is the only actual criterion on the reliability of this equivalent
source if other geological or geophysical data are not used as constraints. The
main problem of data processing by such procedures is to select the proper
location for the equivalent sources. If the mass points (magnetic dipoles) are
placed too far below (or too close to) the topographic surface, the equivalent
source is unstable and so it cannot be used for data processing [D ampney 1969,
Emitia 1973].

Despite] the above, Bhattacharyya and cnan [1977] proposed a tech-
nique for the upward continuation between irregular surfaces of potential field
data (Dirichlet problem) based on equivalent sources located just on the surface.
In the 2-D case, the gravity field of the source body is assumed to be equal to
the field of a surface mass distribution at all the points situated above and on
the surface, i.e.
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ra(x, h{x)) (H- h(x)) dx

90 H) J (x-x)2+(H-h(x)2 ° (3

where
a = 2GqVY1+ (dh/dx)2, )
g = linear density distribution on the surface
and G = gravitational constant.
The topographic profile (I) is positive upward, defined as
z=h(x). 3

The distribution is obtained by solving iteratively the Fredholm integral equa-
tion

1+ (dh/dx)2 a(x, h(x)) (h(x) - h(x)) dx
alx. () po M= e —hogyz @
(T%)

where (T*) represents the surface without the point of coordinates (x, h(x)). The
upward continued field is then obtained by using Eq. (1).

For magnetic data processing, a dipole (normal to the relief) distribution
is similarly assumed such that its field F is equal to the observed field everywhere
above and on the surface. The corresponding integral equation is

- (x—x) dh/dx + h(x) - h(x)

dx *(5)
(x- X)2+ (A(X) - AX))2

4 hG) R he9) - n(x, AK)
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Then
—(x—x) dh/dx + H—h(x)

(X—x)2+ (H- h(x))2 (6)

F(x, F) u{x, h(xj)

r)

A significant difference appears between the above relationships. In Eq. (2,
the gravity field of the source body is assumed to be equal to the field of a mass
distribution (i.e. a true equivalent source). In Eq. (6), the anomalous field is
equal not to the field but to the potential of a magnetic dipole distribution. The
convergence properties of Egs. (4) and (5) are consequently expected not to be
the same. Ker1og [1953] simply solves the Dirichlet problem without using the
above equivalent source concept. By representing any potential field by Eq. (6),
the unknown function u results immediately from Eq. (5) which is just the
limiting value of the dipole source potential when the observation point ap-
proaches the surface along the normal. At least in this case, the relation between
the equivalent source concept and the upward continuation problem seems to
be a formal one.
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Actually, a finite number of observation points is available so that the
equivalent distribution is a discrete one. Consequently, Eg. (1) and its magnetic
equivalent are solvable as Fredholm integral equations of the first kind.

According to the uniqueness of the Dirichlet problem solution, no matter
what kind of integral equation is solved and irrespective of the gravity or
magnetic nature of the processed potential field, the same upward continued
values are expected to be obtained. By assuming that the right side of Eqg. (1)
is the magnetic potential of a vertical dipole distribution. Nakatsuka [1981]
consequently processed a magnetic field by using Eq. (4). Hansen and Miyaza-
ki [1984] processed a magnetic field with Eg. (5) and outlined too that this
relation can be used for the upward continuation of other potential fields.

When actual fields are processed, the finite number of measurements and
the topographical irregularities have a substantially different impact upon the
above techniques so that unreal results may often be obtained.

In this paper, a complex gravity model is used to compare various upward
continuation procedures based on solving integral equations. The accuracy of
the results is discussed in relation to the edge effects, the values of the sampling
interval, the number of iterations performed and the formula used for ap-
proximating the integrals.

2. The model

The assumed topographic relief is given by
h(x) = 600/(p + (x/75)2). )

The parameter is set to p = 3. The source body is represented by three horizontal
infinite cylinders (Fig. 1). Its gravity field is represented by

3
g(x, 2) = i)ilmi(z~zi)Kx2+(Z-Zt)2), 8

where

mt=50 m2=1125 m3=200
and

=15 z2=0 = - 175
This field has been sampled at the points having the x-coordinates equal to

xk= +25(k—1) k=I, ..., 25. 9)

The lengths are given in meters and the field is in mGals.

In order to minimize the truncation effect, a horizontal infinite cylinder has
been found such that its field is very close at the edges of the topographic profile
to the field of Eg. (8) [Ivan in press]. Its field is

go(x, ) = 212.75(z + 135.48)/(x2+ (z+ 135.48)2). (10)
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This field is then subtracted from that of the source body and the result is
continued upward to the desired level. The values of gc at the same level are
finally summed.

h(m)

Fig. |. Topographic profile with the source body
|. 4bra. Topografiai szelvény a hatéval

Puc. |. Mpodpunb ¢ nzobpaxeHnem penbeda n Bo3Myl al W ero Tena

3. Data processing using Fredholm integral equations of the first kind

Infinite horizontal mass lines have been placed on the topographic profile
at each point of the initial .v-coordinates equal to

Xj = +(251/- 12.5) j= 1, 24. (11)
The field at point (v, ) due to the mass line placed at (xj, h(xj)) is
Gj(x,z) = SjAzKAx2+ Az2), (12)

where

and

An iterative procedure was used in an endeavour to find the values of Sj
and Xj so that the total field due to the mass lines distribution be as close as
possible in the sense of least squares to the sampled field of Eq. (8). Different
sets of values are obtained without a definite trend towards a certain distribution
(Table 1/a). All of them give a good fit to the sampled field on the topographic
profile (Fig. 2). Their field above the relief has the same values for all these
distributions but it is quite different from the exact values (Fig. 3). Both the fit
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Fig. 2. Gravity fields along the topographic profile of Fig. 1 The solid line shows the field of
the body; the filled circles are the values of the field due to the simple equivalent source from
Table I/a; the empty circles are the same values when the edge effect is reduced

2. dbra. A gravitacios tér értékei az 1 abra topografiai szelvénye mentén. A folytonos vonal
a hato tere, a pontok az l/a tablazatbdl vett egyszer(i ekvivalens haté altal létrehozott tér
értékeit mutatjak; a kdrok ugyanezen értékek, a peremi hatas csdkkentésével

Puc. 2. 3HaueHMe MONs CUMbl TSHXKECTU BAOMb NPOQUAs, U306paxeHHOro Ha puc. 1
HenpepbIBHOW NMHMEN MOKa3aHO Mofie OT BO3MYLLAOLWErO Tesla, TO4KaMU 13o6paxaeTcs none
CWU/bI TSXKECTW OT MPOCTOr0 3KBMBAJIEHTHOrO BO3MYLLAIOLLETO Te/a, 3HAUYeHUs KOTOPOro B3siThl
13 Tabnuuybl 1/a; Kpy>xKkamy 0603HaYeHbl Te XXe 3HAYEHUS, YMEHbLUEHHblE HA KPaeBOW ek

Fig. 3. Gravity fields on the plane at a height of 200 m. For legend, see Fig. 2
3. abra. Térerdsség értékek a 200 m magassagban levé sikon. Jeldlések: mint a 2. abran

Puc. 3. 3HaueHusa NOTEHLMANLHOrO NOAA B MJOCKOCTKU Ha BbicoTe 200 meTpoB. O603HaYeHNs
Takue Xe, Kak Ha puc. 2.
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and the upward continued values are improved when the edge effect is mini-
mized but the differences with respect to the field of the body are significant even

at great elevations (Fig. 4).
In a second approach, the above mass lines have been replaced by dipoles
having their axes normal to the relief. The field at point (x, z) due to the dipole

placed at (Xj, h(xj)) is
Fi(x, z) = Dj{Ax2- Az2+ 2AxAz dh/dXj)/(Ax2+ Az2)2))Jl +(dh/dXj)2. (13)

The above procedure now seems to be stable and the field of the obtained
distribution (Table Ilb) gives a remarkably good fit to the sampled field of
Eg. (8) so that the maximum deviation is less than 0.01 mGal. But the field of
this equivalent source almost vanishes above the relief so that a negative
anomaly having its amplitude equal to -0.02 mGals is obtained on the plane
at a height of 350 m. The minimization of the edge effect gives only a formal
improvement.

~N(m G als)
2-

, x(m)
600  -400 ' -200 ' O 200 40 ¢ 60

Fig. 4. Gravity fields on the plane at a height of 650 m. For legend, see Fig. 2
4. dbra. Térer6sségértékek a 650 m magassagban levd sikon. Jeldlések: mint a 2. abran

Puc. 4. Mone cunbl THKECTU Ha BbicoTe 650 MeTpoB. O603HaUeHNs TakKue Xe, KaK Ha puc. 2.

4. Data processing using Fredholm integral equations of the second kind

The sampled field of Eq. (8) has been processed by using Egs. (4) and (1)
in order to obtain the upward continued values at certain levels. The derivatives
have been computed by differentiating Eq. (7). The integrals were evaluated by
using a simple sum (the linear trapezoidal formula). Figure 5 shows the failure
of Eg. (4) to obtain convergence. No improvement appears even when the edge
effect is minimized and the observed field is sampled at an interval of 5m.
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Fig. 5. Central values of upward continued field obtained by using Egs. (4) and (1) at different
levels and iterations (dashed lines). Exact values are represented by solid lines

5. abra. A (4) és (1) egyenlettel szamitott folfelé folytatott tér kozépponti értékei, kilonbdz6
szintekre, és iteraciokkal (szaggatott vonal). A pontos értékeket a folytonos vonalak jel6lik

Puc. 5. CpefiHve LeHTpaNbHbIe 3HaYeHUs NOJs, NPOAO/IKEHHOTO BBEPX HAa Pa3/IMuHble YPOBHM,
paccunTaHHble Mo ypaBHeHusM (1) n (4) c utepaunammn (nNpepbiBUCTas NMHUA). ToYHbIE
3HaYeHNs yKas3aHbl CM/IOLIHOW NHWel

Convergent results are always obtained by using Egs. (5) and (6) so that
only 3 or 4 iterations are needed. By setting p=2in Eq. (7) a more rugged relief
results (Fig. 6). The observed field is now clearly disturbed (Fig. 7) and an
upward continuation becomes really necessary. The gravity values sampled at
various intervals have been continued to planes located at different heights
above the relief. The results are unreal when these planes are placed near the
top of the relief so that the minimum height seems to be around twice the
sampling interval.

A more careful evaluation of the integrals has been used [Hansen and
Miyazaki 1984] with good results. In this case, the computer time necessary is
essentially increased with respect to the simple summing formula. The value of
the sampling interval has an important impact on the accuracy of the upward
continued field and the errors are reduced to almost half their value when the
edge effect is minimized (Fig. 8).
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Fig. 6. A more rugged topographic relief with the source body
6. abra. Er6sebben tagolt topogréafiai szelvény a hatdval

Puc. 6. MPOQUNL C CUNbHO U3pe3aHHLIM PeNnbedoM, NOKa3aHo MOMOXKEHWE BO3MYLLAOLLETO
Tena

Fig. 7. Gravity field along the topographic profile of Fig. 6
7. abra. Gravitacios tér a 6. abran bemutatott topogréafiai szelvény mentén

Puc. 7. Mone cunbl THKECTW BAOML NPODUASA, MPUBEAEHHOTO Ha puC. 6.

39
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Fig. 8. Central values of upward continued field on the plane at a height of 450 m versus the
value of the sampling interval. The integrals are evaluated by using the Hansen and Miyazaki
[1984] formula (squares) and by simple summing (circles). The filled circles and squares show
the values obtained when the edge effect is not reduced, the empty circles and squares show the
same values obtained when the edge effect is minimized. The solid line represents the exact value

8. abra. A felfelé folytatott tér kozépponti értékei a 450 m magassagban levd sikon,
a mintavételi koz flggvényében. A fliggvényértékeket kiszamitottuk Hansen és Miyazaki [1984]
képletével (négyzetek) és egyszer(i 6sszegezéssel (korok). A tele kordk és négyzetek jeldlik
a peremhatas figyelembevétele nélkili értékeket, az lres kdrok és négyzetek pedig ugyanezen
értékeket, a peremhatas minimalizalasaval. A folytonos vonal a pontos értéket adja

Puc. 8. CpefiH/e LieHTpanbHble 3HAYEeHWUs NONMS, NPOLO/KEHHOrO BBEPX Ha BbICOTY 450 MeTpOB,
B 3aBUCUMOCTM OT PacCTOSIHUA MeXAY TouKamy HabnofeHWs. 3HayYeHus paccumTaHbl Mo
YPOBHCHUAM XaHcena U Mussaku [1984] (N0 KBagpaTam) M MpoCTbiM CyMMUpOBaHMEM (No
Kpyram). 3ayepHeHHble Kpyru WM KBagpaTbl 0603Ha4YalT 3HaueHus, NonyyeHHble 6e3 yyeTa
KpaeBbIX BAMSHWNA, a NycTble KPYrn W KBaApaTbl Mpy ux ydyeTe. CNIOLIHOW NMHUEM MOKa3aHbl
TOYHble 3HAYEHUs

5. Conclusions

All procedures assuming the processed field to be equal to the field of a
certain source distribution placed on a rugged topography are useless for the
upward continuation. Good results are obtained by using the potential of a
dipole distribution but the relation to the equivalent source concept is a formal
one and the equations are immediately derived from potential field theory. Due
both to the value of the sampling interval and the edge effects, only qualitative
results are expected to be obtained in many actual cases.

One of the main problems of upward continuation procedures is the great
amount of computations required especially when surface data are processed.
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In view of this, the simplest evaluation of the integrals is desirable. Numerical
tests have indicated that the zero-order approximation of Eg. (5) always restores
the correct shape of the gravity field by erasing the disturbing effects of the
topography. This formula also represents an approximate generalization of the
plane Dirichlet integral [Grant and west 1965] valid for the upward continua-
tion between irregular surfaces of any potential field data [Ivan in press].
Bearing in mind that upward continuation is only an intermediate stage towards
source modelling, it sometimes seems desirable to limit ourselves to performing
this procedure only.
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SZABALYTALAN MINTAVETELEZESU POTENCIALTER FELFELE FOLYTATASA
EKVIVALENS HATOK ALKALMAZASAVAL

Marian IVAN

Tobb hatobol allé gravitacios modellt alkalmaztunk az integral egyenleteket felhasznal6
kilonféle folfelé folytatd eljarasok dsszehasonlitasara. Ezek az eljarasok feltételezik, hogy a folfelé
folytatott tér megegyezik egy alkalmasan valasztott felszini eloszlas (az Un. ekvivalens hat6) terével.
feltételezésével, hogy az észlelt gravitacids tér megegyezik egy dipdl eloszlas potencialjaval. Az
egyenletek levezethet6k a potencialtér elméletébdl, ezért az ekvivalens haté fogalmanak hasznéalata
pusztan formalis. A cikk részletezi, hogy az eredmények pontossaga miként fiigg a peremhatasoktal,
a mintavételi tavolsagtol, az elvégzett iteraciok szamatol és az integralok megkdzelitésének maod-
jatol.
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AHANTMTNYECKOE NPOAOJ/IXEHVNE HEPABHOMEPHO M3MEPEHHOI O MOJIA
CUNbl TAXXECTW B BEPXHEE MNMONYMNMPOCTPAHCTBO C NMPUMEHEHVEM
SKBUBA/IEHTHbIX BO3MYLWAKLWWNX TEN

Mapunan NBAH

B Lensix CpaBHEeHWs pasnnyHbIX CNOCO60B NPOAOMKEHNA NONS NOTEHLMAN0B CUMbI TSHKECTU
B BEpXHee MOAYNpPOCTPAHCTBO MCMO/b30BaNaCh MOAE/b, COCTOALLANA U3 HECKOMbKUX BO3MYLLAK0-
wmx Ten. OBbIYHO, MPK paccyeTax sTUMKU cnocobamu, NpeanonaraeTcs, YTo none, NPOAOIKEHHOE
B BepxHee MoMynpocTpaHCcTBO, COBMaAaeT C HabN04aeMbIM Ha MOBEPXHOCTH OT BbI6GPAHHOIO (TaK
Ha3. 3KBMBANEHTHOr0) BO3MYyLLatOLLEro Tena. Bcnydyae CUNbHO U3pe3aHHOro penbeda sToT MeToA
[AaeT 6oNbLIMe OWUGKU. Xopollve pe3ynbTaTbl NONYYaOTCA, eCU NPEANON0XKNTb, YTO Haboaae-
mMas aHOManus rpaBMTaLMOHHOTO MOAS COBMaAaeT C pacnpefeneHueM noTeHUWanbHOro nons ot
AVNONS. YpaBHEHUS BbIBOAATCS U3 TEOPUM NOAS, MO3TOMY NPUMEHEHWE TEPMUHA 3KBUBANEHTHOTO
BO3MYLLLAIOLLLEro Tena nyctas (hopmManbHOCTb. B cTaTbe Noapo6HO paccMaTpyUBaeTCs Kakum o6pa-
30M Ha TOUHOCTb Pe3y/bTaTOB BAMSAIOT KPaeBble YCMOBUS, PACCTOAHUS MeXay MyHKTamMu Habntoae-
HWiA, 3aBUCUMOCTb Pe3y/nbTaToB OT YMCNA MTepauuii U oT MeToAa NPUGIVKEHNUS UHTErpaos.



