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CURVED RAY ALGEBRAIC RECONSTRUCTION
TECHNIQUE APPLIED IN MINING GEOPHYSICS

L. HERMANN,* L. DIANISKA* AND J. VERBOCI**

A proper understanding of the stress conditions in mines is of utmost importance for economy
and for safety. Because the velocity of seismic waves in rocks is a function of pressure, the velocity
distribution can be used to predict stress conditions.

A method is described that can be considered as a novel version of the Algebraic Reconstruc-
tion Technique. The procedure starts out from somé initial velocity field and performs ray tracing
based on the vectorial form of the Snellius-Descartes principle. By comparing the measured and
computed travel times the velocity field is modified and new raypaths are computed until the devia-
tions become less than some prescribed tolerance. The velocity field obtained represents the velocity

distribution of the site studied.
Repeatedly performed transmission measurements yield information on the possible changes

of the pressure conditions.
Introduction

Economic and safety considerations have made it an important task in
several Hungarian coal mines to get detailed knowledge of the changes in the
state of the surrounding rock formations. Because of mining activities the stabi-
lity of these rock masses that have evolved through geological times becomes dis-
turbed; these stress changes then cause different kinds of destructive phenomena.
The proper tracing of these phenomena in space and time can be done only by a
joint application of the different measuring methods. The Research Department
of the Mecsek Coal Mines have elaborated a mining detection and control sys-
tem [1] involving a method which contains—among other features—the
repeated application of seismic transmission. This transmission technique is
based on a measuring arrangement where the spatial domain to be studied lies
within the sources and detectors; the acquisition of information is generally
based on transmitted seismic waves [2], [3]. The processing and interpretation
of the measurement results raise a number of mathematical and physical pro-
blems in view of which Mecsek Coal Mines and ELGI agreed to cooperate in an
endeavour to solve these problems. The method elaborated and some prelimi-
nary results are presented here.
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1. Basic principles of the transmission (“transfflumination”) method

The propagation ofelastic waves (direction, velocity, energy absorption and
spectrum) is determined by the parameters of the medium; during propagation
the waves accumulate the integral effects of all these parameters. So, at least in
principle, there should be a way to determine the physical properties of a given
rock formation from the observed parameters of the transmitted waves.

The transit time between a source-detector pair is given by

(la, 1b)
4 W 4 »
Ri Rt
Observed amplitudes are described by
A, = Adr,exp (-S y,(r)ds), (2a)
A, = Adrtexp(-j y,(rdsj, (2b)

where

— R, and R, are the paths of propagation of the longitudinal and transverse
waves, respectively;

— %) and V,(r) the corresponding (scalar) velocities;

— Ah A, the observed amplitudes;

— Ad, Aa the generated amplitudes;

— I, T, spherical divergence;

— YU), V@Oare absorption coefficients.

In homogeneous media the determination of the constants V,, Mt and Y is
straightforward.

In inhomogeneous media the inversion of the above integrals raise two
problems:

a) For given raypaths there exists an infinity of functions satisfying the inte-
gral expressions; this means that the distribution of the parameters cannot be
determined,

b) In inhomogeneous media the raypaths Rh R, also depend on the velocity

fields.

2. The reconstruction algorithm
2.1 General properties of the reconstruction technique

In recent years the problem has been approached by several variants of
three basic methods (direct matrix method, analytical methods and the so-called
Algebraic Reconstruction Technique (ART)) [4]. The common root of these
methods goes back to the classical work of Radon [5] who justified that any
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two-dimensional domain can unambiguously be reconstructed by an infinite
series of its one-dimensional projections. All known methods, however, assume
straight-line integration paths, which means that they are not generally appli-
cable for sufficiently complex geologies. While Bois [6], [7] did use curved ray-
paths, his iterative velocity determination is based on the rather inconvenient
direct matrix method [8]. Our algorithm has been developed on the basis of the
works of Bois and of Gordon and Herman [8], [9], see Fig. L

Fig. 1. Flow chart of the process

I. dbra. A kifejlesztett eljaras folyamatabraja
1 — a valdsagban kialakult paramétereloszlas; 2 — egy valasztott paraméter vetiileteinek mérése
(mintavételezés); 3— a valasztott paraméter feltételezett eloszlasa; 4 — a mérés modellezése a felté-
telezett eloszlassal ; 5— a mért és szamitott értékparok kilonbsége ; 6 — kiilonbség < mérési hiba?
7 — modositas; 8 — a paraméter eloszlasa megfelel a valdsagnak

dur. 1. bnok-cxema pa3paboTaHHON Mpouesypbl
1 — [flecTBUTENbHOE pacnpefeneHne napameTpos; 2 — VI3mepeHue Npoekuun 04HOTO
BbI6paHHOr0 napameTpa (gnckpeautaums); 3 — Mpeanonoraemoe pacnpegeneHne Bbl6GpaHHOro
napametpa; 4 — MogenvpoBaHne U3MepeHns ¢ NOMOLLbIO MpPesnoaoraeMoro pacnpesieneHus;

5 — Pa3HOCTb BbIYMC/NEHHbIX U M3MEPEHHbIX MapamMeTpoB; 6 —Pa3HOCTb  OLIMGKA U3MEpeHNs?
7 — Wcnpaenexue nons; 8 — PacnpeaeneHne COOTBETCTBYET UCTUHE

The spatial domain to be studied is “transilluminated” by transecting wave
paths, sources and receivers being placed in the galleries.

The measurement results yield sampled values of the projections of distribu-
tions, burdened with measurement errors. From the finite number of values we
can determine only a finite number of parameters of the velocity field—the
number of determined parameters and the number of observed values not neces-
sarily being equal (e.g. these parameters can be values of the velocity distribution
at discrete grid points). The better the accuracy and the greater the quantity of
the values along transecting raypaths the better will be the reconstruction.
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According to the ART principle we compute by means of some supposed
model the series of values corresponding to an assumed parameter distribution
and to the measurement geometry. This data series is, of course, subject to
modelling errors. Wave propagation is described by the laws of geometrical
optics, absorption is computed by Egs. 2a-2b.

The next step is to compare the measured and computed series of data. Our
basic assumption—as in all iterative approaches of this kind—is that two distri-
butions agree if and only if all of their projections agree.

If the deviations are greater than the measurement error the algorithm
modifies the hypothetical parameter distribution toward the direction of a better
agreement, then proceeds again with raypath modelling. So, from among the in-
finite number of possible fields it looks, by successive approximations, for that
fitting best the measurements results.

> =jn(x.y)ds r=12.... =
Q)
Fig. 2. Characteristic scheme of a measuring pattern
2. dbra. Egy jellegzetes mérési elrendezés vazlata
dur. 2. Cxema XapakTepucTUYeCcKOn N3MePUTENIbHON YCTaHOBKM

The parameter field found will be considered as the best approximation of
the real distribution, within the possibilities of the algorithm and the measure-
ment errors.

Figure 2 presents a typical transmission measurement geometry used in
mines. The projections to be used for the reconstruction are first-arrival times
registered by the geophones, the parameter to be determined is the velocity dis-
tribution V(x, y) inside the domain studied.
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2.2. Computation of the transit times and amplitudes

By the basic equation of geometrical optics, as expressed by Sommerfeld
[13],
curl (ns) —0, 3)
where
n(r) = Vlr is the index of refraction,

s(r) is the normal to the wave-front.

Since, in the general case, this equation is not integratable, we have to com-
pute separately all the wave paths corresponding to the different shot point-geo-
phone pairs. Starting out from the shot points we launch a diversity of rays
through the velocity field then select those that “hit” the individual geophones.

The rays can be computed, by Eg. 3, as

Mk)=w [[#)* grad#)] X#)], (4)

s(k+1) = s(k)+ ds(k). ®)

Here, K is the serial number of the steps of length /1 along the ray, the values n(k)
and grad n(k) are computed by cubic interpolation from adjacent grid points;

n(k) = £ ©)
hij

gradnk) = Xelf )
hij

(the coefficients cfy and e ffi differ from zero in the neighbourhood of 4 x 4 x 4 of
point (k). The vectorial form can easily be treated in 3 dimensions as well. The
cubic interpolation fairly well describes the refraction, does not increase signifi-
cantly the computation time and takes into account the fact that the wave only
“feels” a neighbourhood of limited size of point (k).

For a more complex velocity field several rays could belong to the same shot
point-geophone pair; from these that having the smallest transit time will be
selected.

For a given ray (r) the transit time is given by

Tc=n £n(k)= J1£ )
[6) K hij

On the basis of the raypaths the spherical divergence [I', (2a), (2b)] can also be
determined,; its value is proportional to the ray density in the immediate vicinity
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of the geophone. By these factors, and by the assumed distribution yhij the com-
puted amplitude ratios for the raypaths of the first arrivals will be

Fc=1In(40 = nl -1 " Y.c%yhi 9)
\n o/ K hij

2.3. Modification of the parameter distributions
t

Modification of the hypothetical parameter distributions is carried out on
the basis of the difference between the measured and computed results:

ATr= Tm Tc;, AFr= F™-Fc (10)

From Egs. (8), (9), by differentiation:

6Tic= J/1£ nhij My)+ (Z 40) 6nhij (1)
hij XK ' V K '
and
bR\ = &Inln)- N£ [y,, (C AcLLL+ (Z cLL, ayw] . 12

The terms (5¢$ and <K(nT"r) describe the effect of the change in the raypath. Since
these terms cannot be computed, they should be neglected. (This neglection is
justifiable because the first arrival is the minimum time on all possible raypaths.)

Consequently
SM="Z(Z "W y 13)
and
<5Fi=-/1Z(Zz"~)"o- (14)
hij * K '

The computed modification of the distributions at the grid point (hij) will be

R Uofs”
? 2N’ L1 PTUT
hij'v K '
At = Z dhijMij :]4 (15

Z (™)
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and

L (16)

It can be seen that the modification in a given grid point is the weighted and nor-
malized algebraic sum of the modifications computed along the individual ray-
paths, on the basis of the difference between the theoretical and measured values.
The weighting is made, basically, in inverse proportion to the “distance” of the
given ray from the grid point.

The algorithm modifies the field values in the following way:

a) Ah$>=0 and AyJ$=0 @an

if for ray r
AT\ < uy(T) and V\AFr\<n(F) (18)

p(T) and n(F) are the errors of the time- and amplitude measurements, respecti-
vely.

b) <m = MIN {MAX (19)
and
710 1= MIN {MAX [ynminyZj+AyZj; 7nd , (20)

where

— w is the number of iterations;

— the indices “min” and “max” denote the plausible lower and upper boun-
daries of the given parameter;

— the operators MIN and MAX refer to the selection of the respective
minimum and maximum values.

The above restrictions ensure, besides the physical reality of the computed
fields (as, for example, n>0) the rapid convergence of the algorithm [10]. In the
course of the modifications it is obviously possible to take into account the
boundary values of the distributions, known a priori from other measurements.

The change of the field due to a single iteration step is shown by Fig. 3. The
reference times are given as ifthere were an infinitely large velocity jump concen-
trated to one grid square at the centre of a homogeneous velocity field (the unit
of velocity is grid-size/time, the value of the homogeneous field is 3). The effect of
this inhomogeneity is distributed in a star-like manner along the rays passing
through the centre. The more distant rays, not affected by the velocity jump, try
to counteract the spread of the modification, causing splits in the arms of the
star.
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Fig. 3. Effect of one step in the iteration process 3. abra. Egy iteracios lépés hatasa
dur. 3. BanaHue wara ntepauum

3. Preliminary testing of the algorithm

The seismic waves giving the first arrivals propagate only in special cases in
the plane of measurement (velocity fields perpendicularly homogeneous to the
plane; measurements in waveguides, [11]). Even though our approach is appli-
cable to 3-dimensional reconstructions on the strength of Eg. (4), this would
necessitate spatial measurements. Since at present we have no reliably interpre-
table (i.e. sufficiently dense) spatial data and the algorithm works much more
simply in the plane, we have restricted ourselves to reconstructing 2-dimensional
distributions.

In order to judge the applicability of any iterative procedure, the following
properties should be checked:

— convergence or divergence of the algorithm;

— rate of convergence;

— unambiguity, uniqueness of the limiting point.
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In the literature the unambiguity of the seismic inverse problem has been
proved rigourously only for some simple distributions [12]. In the case of itera-
tive reconstruction techniques it is advisable to check the objectivity of the
resulting distribution by a regeneration method [10]: the more surprising confi-
gurations of the result field should be deleted after which the iteration should be
started again; ifthe deleted part reappears it is really due with a fair likelihood to
the measured data.

A result from among our convergence studies is shown in Figs. 4, 5 and 6.
The reference times refer to the velocity field of value 3, the initial distribution
had the value of 4. The closeness of the approximation is measured by the
guantities

(cf. Fig. 4). It can be seen that the iteration gradually improves up to 4th-5th
step. Similar results have been reported in [8], for straight raypaths.

Fig. 4. Convergence curves of the
process

4. dbra. Az eljaras konvergenciaja
ittration dur. 4. CxoAuMOCTb npoueaypbl
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The histograms of velocity values (Fig. 5) show a similar convergence. The
finite width of the histograms might be due to the following:

— the step size is of the order of 0.5 grid size; the computed times and the
corresponding modifications have a statistical scatter;

T-.
®
r 1 _ L
25 3 35 < 25 J 35 <
® ©
.« Kn ‘
25 3 35 < 25 3 35
"L
r Fig. 5. Frequency histogram of velocity
© values
5. dbra. A sebességértékek gyakorisaga
(hisztogram)
Ca T |, ®ur. 5. YacToTa 3HaueHWii ckopocTeit
5 3 s < 2 s g < (ructorpamma)

— there is a pronounced boundary effect due to the small size of the field.

The boundary effect is also striking in Fig. 6a, representing the velocity
fields computed in iteration steps 1, 4 and 7: the algorithm cannot change pro-
perly the boundaries of the field and this causes an overshoot even at the very
centre of the field.

To reduce these effects and to study the uniqueness of the solution we have
also initiated another approximation of the reference field, starting out from the
opposite side, with velocity 2. As seen, this series of iterations also tends to the
reference field; the boundary effect and the overshoot are opposite in sign (6b).
These results suggest that in actual cases it is worth while to compute 3-4 ite-
ration steps starting out from initial distributions overestimated from below and
from above, respectively, then carry out 1-2 more iterations with the average of
the above results ( 6c).

Figure 7 illustrates a processing result. Reproduced by permission of the
Research Department of the Mecsek Coal Mines. On the respective fields A,
B and C we carried out, practically at the same time, separate measurements of
the longitudinal first arrival times (all in all 26 shot points and 78 receivers). The
boundary effects are due to the special measuring geometry; the main structure
of the three fields, however, fits together fairly well.
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Fig. 6. Example of the reconstruction of a homogeneous velocity field
6. abra. Kisérlet homogén sebességmezd rekonstrukciojara
dur. 6. Mpoba BOcCTaHOBMEHMS NONSA OAHOPOAHbLIX CKOPOCTEN
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BANYABELI SZEIZMIKUS SEBESSEGELOSZLAS MEGHATAROZASA
A FESZULTSEGELOSZLAS MEGVALTOZASANAK KOVETESEHEZ

A béanyabeli fesziiltségviszonyok ismerete biztonsagi és gazdasagi szempontbol igen fontos.
Mivel a szeizmikus hullamok sebességét a k6zetekben a nyomas befolyasolja, ezért a sebességelosz-
las-adatokbol kovetkeztethetlink a fesziiltségviszonyokra.

Az ismertetett médszer az Un. Algebraic Reconstruction Technique egyik valtozatanak tekint-
het6. Egy kezdeti sebességmez6b6l kiindulva az eljards sugarutakat kdvet a Snellius—Descartes-
torvény vektoralis formaja alapjan. A mért és szamitott futasi id6k dsszehasonlitasa utan — ha
szlikséges — modositja a sebességmezdt, és Gjrakezdi a sugardt szamitasat. Az iteracios eljaras ak-
kor fejezédik be, amikor a mért és szamitott id6adatsor egy el6re megadott értéknél kevéshé tér el
egymastdl. Az igy kapott sebességmez6t fogadjuk el a vizsgalt teriilet sebességeloszlasanak. Rend-
szeresen végzett atvilagitd mérésekkel és kiértékeléssel a vizsgalt teriileten figyelemmel kisérhet6 a
nyomasviszonyok alakulasa.

. XEPMAH, 1. ANAHULLKA, . BEPBELW

OMPEAENEHWE PACMPELAENEHNA CKOPOCTEW
CENCMUYECKKNX BOJIH B LUAXTAX A1A .
MPOCNEXMNBAHUA USMEHEHNW B PACIPEAENEHN HAMPAXEHUNN

3HaHM1e YCNoBuiA HAaNPSHXKEHHOCTU B LLAXTax NpeAcTaBnseT 60/bLIOA NHTEPEC C TOUKM 3pEHNUS
6€30MacHOCTN N 3KOHOMUYHOCTU. Tak KakK CKOPOCTb CEACMUYECKUX BOSH B TOPHbIX MOPOAax noj-
BEpraeTcs BAMSIHWIO [aBfeHUsl, NO3TOMY MO AaHHbIM PacrnpocTpaHeHWUsi CKOPOCTE MOXHO cAe-
naTb BbIBOJ 06 YCMOBUSIX HANPSHKEHHOCTU.

V3naraemblii cNocO6 MOXET paccMaTpuBaThCs Kak OAMH M3 BapuaHToB T. H. Algebraic Re-
construction Technique. Vicxoas U3 HEKOTOPOro HavanbHOTO MO/ CKOPOCTeld, npoLesypa npocne-
XKMUBaeT TpaekTopuK No BekTopanbHol dopme 3akoHa Snellius-Descartes. Mocne conoctaBneHus
M3MEPEHHBIX 1 pacyeTHbIX BpeMeH npobera —npu He06X0AMMOCTU — MOJIe CKOPOCTER Moandu-
LMpyeTca W BblYMC/IEHWE TPAEeKTOPUM HauMHaeTCs 3aHOBO. VTepauMoHHas npouegypa 3akaHuu-
BAaeTCH, KOrfa pacxoxaeHue MeXay CepusiMy N3MEPEHHbIX U PacyeTHbIX flaHHbIX 0 BPEMEeHax npo-
Gera 6yneT MeHblle 3apaHee ONpefeNieHHOW BeNUYMHbI. PerynspHoe BbiNofHeHUe paboT no npo-
CNEeXMBAHUIO U UHTEpNpeTaLMn No3BoNSET HabAaTh U3MEHEHMSA B YCNIOBUAX [ABNEHUS Ha W3y-
4aeMOM Y4acTKe.



