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THEORETICAL LIMITATIONS OF THE HARMONIC ANALYSIS
OF EARTH TIDES

P. VARGA*

So much has recently been said about the increased accuracy of gravimeters
and horizontal pendulums that we often forget that it is theory itself which limits
the resolution power of most of our methods of harmonic analysis of tidal phenomena.
True, it is generally understood when analyzing the lunisolar effect that due care has
to be taken of phenomena modifying the resulting amplitude ratios (6 or y) and
phase shift (x). The first group of these phenomena consists of disturbances of
exterior origin such as the effect of worldo ceans, temperature or atmospheric press-
ure. An other type of disturbances has to do with the instrument itself (non-
linearity, instrumental delay and drift, etc.). A great number of jjapers have been
devoted to these questions and it has been pointed out that a proper compensation-
for these effects substantially improves the final values of b, y and n.

In the present paper we shall assume ideal conditions that is no exterior dis-
turbances, and an ideal instrument, and we aregoing to show what degree of accuracy
can be expected from the different methods of harmonic analysis and how this
accuracy depends on the approximations and restrictions of the given methods.

As a matter of fact all of the methods in use date back t0 Doodson (1921)
who first succeeded to present the lunisolar effect as a sum of 386 elementary waves.
Recently cartwright and Tayier (1971) extended this series development to
512 terms, making use of latest astronomical data. However, as shown by sanosa
(1972) there is hut a slight deviation between the lunisolar effect and its approxi-
mation by Doodson’s series, the greatest error being less than 0,25 pgal for the
vertical component, affecting the fourth decimal of amplitude ratio and the second
of phase shift. So, even for the increased standards of measurements Roodson's
series development proves accurate.

The first methods of harmonic analysis had been elaborated long before the
computer era. Most of the restrictions served computational convenience as e.g.
the required continuity of registrations or the preference of some given periods of
registration time (of the order of 1 month). Some of these restrictions result in
rather drastic effects: 11epiieb’s 29-day method, e.g. was shown by 1 sanosa (0p. Cit).
to distort the third decimal of apmlitude ratios, the first one of phase shift and to
cause as much as 2-3% error in case of K, waves. Very likely the same goes for
Lecolazet’s method even though it takes into account a greater number of terms.

The current use of computers has rendered possible a simultaneous processing
of time series, continuous or discontinuous ones as well. The majority of techniques

* Roland Eo&tvos Geophysmal Institute, Budapest
Manuscript received: 973.



52 P. Varga

are based on the principle of least mean square errors. A particularly powerful method
is that of Beneauxos (1966) which is claimed by its author to possess definite
advantages as compared t0 Mepues'si OF Lecolazet's Methods.

Owing to the extremely small frequency differences between tidal waves it
has been necessary, for purely technical reasons, to assume in all methods, no matter
whether classic or recent, that in the neighbourhood of the investigated waves the
other waves are characterized by the same 6 (or y) and x values. Even though we
realize the necessity of this condition we have to challenge its validity since it is
well known that due to the effect of the liquid core of the Earth the & (or y) value
cannot be constant in the vicinity of Kx waves. In Table I we have compiled §
values for the vicinity of the Kj wave according to Monogfhckuii's second model
and following the scheme of Beneauxos (Op. Cit.). For series shorter than 6 months
we obtain (5=1.1471 and it is only for longer sequences that we get reasonable
coincidence between reality and analytic results (for 0=1.1429 the deviation is
0.0001). nepues's investigations have revealed that especially for semidiurnal
waves the value of &is strongly influenced by the effect ofoceans even in the interior
of continents. At some stations the correction of 6 may rise to 0.030. Assuming the
extreme case that the $value of the wave of D oobson NumMber 255545 lying near
M2 has not changed, the amplitude ratio for M2 determined from the group will

|. téblazat
Table |
Ta6bnuua |
L (6 ho) L (6 ho) Darwin jeléléssel Dooclson-szam Amplitadé
L (6 months) L (6 months) Darwin’s notation Doodson number Amplitude
L||(6 MecaLeB) L||(6 MecsiLeB) [apBuHOBCKoe ApPrymMeHTHOe 4ncnio Amnantypa
o6o3HauyeHue
i " 102 556 1029 1104
163 545 199 1.159
P, 555 17 584  1.158
iv 164 554 147 1.155
556 423  1.153
165 545 1050 1.145
< 555 53050 1.143
( 565 7182 1142
575 154 1.140
vi 106 554 423 1193
v - 167 555 756 1178

only change by 0.001. These examples are meant to show that while the above-
mentioned restrictions certainly imply some limitations they can cause only minor
errors, however.
The gravitational tide is described by the expression
a

re(i)= 2

1\/ < COS (0~ + COM+ 4)),

~



Theoretical limitation oj the harmonic analysis of Earth tides 53

which is easily linearized to
a
Y*[t) =K (C 08 xi)Alcos {0i+calt)-ai(sina,) Aisin (P,+ &£ (1)
i=i

In Eq. (1) the observed value Y(t) is approximated by Y*(t) : A =is the amplitude of
the r-th elementary wave, ®,; its phase, m- its angular velocity, t time. Since At,
®, and col can be theoretically determined our task is to find the values of émcos s-
and sin Xj. In order to reduce the number of unknowns Venedikov introduced
wave groups by

m n,. m ru
Y*(t) =i_ cos )J§_2 Aj-cos ((pj + cdit) - xi2 Aj sin (Oj + cof). 2

1 =Hli =1 J=nil

Here m is the number of groups, mi being the serial number of the first, ni that of
the last wave belonging to the r-th group. As a matter of fact by solving Eqg. (2)
we determine the unknown parameters for wave groups instead of individual waves
which means the introduction of a further assumption. Suppose we are given Y(t)
in the interval [- L, L]. To proceed further we have to minimize the error

1{Y(t) - 2\Picos (Ki+ ®,)A- cos cef, - 8, sin (xi+ 0 i)Aisin co/]}2di =
-L
L
= [Y(@®)- cos (0/1+ B f sin cof)]- dt=min.
-L

dv(t) dV()

equal to zero:
dAf ' 8Bf

Setting the partial derivatives

i iBf = 3
FIauAf Jj:2| bijBf =c> ©)]
where

L
. Y(t)>cos cof dt

i
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Y= — 1 cos mit-sin co/ di=0

by=— J'sin (Ojk-sin io,t dt r=«+ 1, ..., 2a
F (i) sin co/ di

4 | FO

Thus Eq. (3) has decomposed into two systems of equations

a

2 ailA*=ul, ()]
2bijBf=vt.
y=1
Upon integration Egs. (4) becomes
4- n* isin sin [(Wy+ @m)=£]] _

O ' ( (coj-cod-L + (o+co)-£ J

', fsin [(coy-0j,).”]_ sin [@j + ©Qi)-L] =~
yii 1 (ctij-(Oi)-L {o0j + ctJ-L

Since L is large we can put

Sin [[Cy+ @a=£]  Sin [(Qy—C)<3]
(coy+ co,) (coj - coj)-L T

ZAJ-a™w, 5)
y=1
and
a

2 BJad=vt.
j=i
If coy=co, then a,y=1 The plot of ayin function of (coj—co™L is shown in Figure 1

As we have shown above Eq. (5) gives a means to determine the unknowns for
individual waves. Consequently, Eq. (2) contains a further hypothesis: we assume
that the value of the largest wave of the group coincides witli that of the group, i.e.:

within any group (mizsj=w) ay=1;
outside the group orj>s,) a,y=0.

To have a feeling of the immediate consequences of these assumptions we
compute the deviation of the ¢ value determined from the group from %of a parti-



Theoretical limitation of the harmonic analysis of Earth tides 55

Figure 1
Puc. 1

cular wave belonging to the group. Assume that 0=1.000 and « =0,000°. For an
arbitrary time and latitude (say, T =January 1, 1900, Oh U.T. and mp=45°) the
amplitude values are, taking into account the values of a™

sin (AcojL)
AcojL

A4 s q:ysin (AcojL)
V,= - , sin .
J=n AcOjL

where }),>)!, and r< mi. (The introduction of this inequality is due to the fact that
in some cases the waves considered by us are outside the generally used group
limits.)

On the other hand the respective values as given by the usual approach are

V,=- Z Ajsin)m
=<
The amplitude distortion is characterized by the expression

Yul+ vl/Yuj+vj

whose time-behaviour is shown by Figure 2 for Kv Ox and M.2waves. (Time scale
given in month.) The function has a rather intricated shape and for certain values
of L the distortion reaches 1-2%. Since the computation of alJis simple, this side-
effect can be eliminated by multiplying the unknowns 6, cos «, and  sin «, by ay
in Eg. (2). An alternative approach could be to adjust the observed and theoretical
curves independently of each other.
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VARGA PETER,

A FOLDI ARAPALY HARMONIKUS ANALIZISENEK NEHANY
KORLATJA

A Fold arapalyanak analizisére kidolgozott modszerek, szamitastechnikai okok
miatt, bizonyos feltételezéseket tartalmaznak. A cikk néhany ilyen feltételezés hatasat
vizsgalja.

gAzJ arapaly sorfejtés hullamaihoz tartozé elméleti amplitddé- (A) és fazis- (@)
értékek pontosan irjak le az abszolGt merev Fold felszinén lejatsz6dé luniszolaris val-
tozasokat. Doodson, Cartwright és Tayler sorfejtése, a jelenlegi mérési pontossag mellett,
megfelelének tekinthetd.

Az arapéalyhullamok frekvenciai kozott levé igen kis kiulénbségek miatt az 6sszes
analizal6 eljaras kényszer(iségbdl azt a feltételt tartalmazza, hogy a vizsgalt arapaly-
hullamok kérnyezetében egyforma amplitidéhanyadost (S vagy y) és faziskulonbségl
(x) hullamok vannak jelen.

Ez a kényszerfeltétel elvileg nem helyes, mert példaul a K, hullam kérnyezetében az
amplitdd6é hanyadosok a Fold cseppfolyés magjanak hatasa miatt — nem egyformak.
6 honapnal révidebb sorozatoknal Q«, értéke kb. 0,4%-kal tér el a valésagostél. Hosszabb
sorozatoknal azonban az eltérés minimalis. *

Ha a legkisebb négyzetek elvének alkalmazéasaval egyenlitenek ki, a hulldmokat
csoportokra osztjak és feltételezik, hogy az egyes csoportokra jellemz6 6 és y értékek a
csoportban talalhaté legnagyobb hullaméival egyeznek meg.

Ha az éarapaly poliharmonikus folyamatat nem csoportonként, hanem hulldmon-
ként egyenlitjuk ki, a szomszédos hullamok hatésa a vizsgalatra dsszetett, mert egyrészt
a csoporton kivil levé hullamok is hatast gyakorolnak, masrészt pedig a csoporton belil
levé hullamok torzitd hatésa is fellép. Ezért nem mondhatjuk egyszer(ien, hogy a cso-
porthoz tartoz6 &y és x értékek az egyes hullamokhoz tartozékkal megegyeznek. A tor-
zulds mértéke a korfrekvenciacsucs-tavolsag (A->) és a vizsgalt sorozat hosszanak (2 L)
fuggvénye.

Az elméleti arapéalyt i hullamonként kiegyenlitve és figyelembe véve e hullam
m(-tél nrig terjedé kornyezetét, a kovetkezd dsszefliggéseket kapjuk:

ni sin (AwjL)
W= 2 A,cos ®-— ---—--— .
j=nii Acuj-L
i sin (AcojL)
vt= — 2 A,-sin @ .
J, Acai-L

ahol

A§=0, ha j=i.
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A szokasos moédon szamitott értékek pedig:

L
w= 2 Aj-cos @,,
I= mi
és
v(= - 2 Ajsin ®-

i=nti
Innen a torzulds jellemzésére a
y +

Y«| + vf
kifejezést kapjuk.

Ez utébbi kifejezés értékének idébeli menete Kj, és M2 hullamoknal a 2. abran
lathaté. A fuggvényértékek bonyolultan valtoznak, és bizonyos L értékeknél a torzulas
1—3% is lehet; ezért egy az adott hullamhoz tartozé § y érték szamitasanal hatasat
nem szabad figyelmen kiviul hagyni.

Nn. BAPTA

O HEKOTOPBLIX OTPAHNYEHUNAX TAPMOHNYECKOIO AHAJIM3A 3EMHbLIX
rNMPNJIMBOB

B meTogax, paspaboTaHHbIX 4719 aHaM3a 3eMHbIX MPUAMBOB, A4/19 061ervYeHns BblUUCANTE b-
HbIX paboT, NpeaycMOTPeHbl HeKOoTopble AonylleHus. B HacTosweli pa6oTe paccmaTpuBaioTcs
CNeacTBUS TaKMX JOMYLLEHWIA.

TeopeTnyeckue BeMUYUHbI amnnnTys (A) 1 a3 (P) BOMH, CBA3AHHBIX C Pa3oXXeHVeM Mpun-
BOB, TOYHO OMUCLIBAOT STYHHO-CO/THEYHbIE BapyaLyn, NPOUCXOAsLLMe Ha MOBEPXHOCTM abConNioTHO
>KECTKOW 3emnu.

B ¢cBA3M ¢ BecbMa He3HaYUTeNbHbIMW PA3HOCTAMW YAcTOT MPUAMBHLIX BOMIH BO BCEX MeToAax
aHa/M3a npearonaraeTcs, YTO B OKPECTHOCTM M3y4vaeMbiX MPWAMBHBIX BO/IH MMEKTCA BOMHbI C
O0ZMHAKOBbIMW YacTHbIMU aMrnTya (6 Winy) n ogUHaKoBOM pasHOCTbIO has (1).

JaHHoe MpUHYAUTENbHOE YCNOBUE TEOPETUHECKM He SB/ISIeTCA MpaBW/bHbIM, Tak Kak Harp.
B OKPEeCTHOCTWU BO/IHbI Kr YacTHble aMnAnTyf HeOAMHAKOBbI B CBA3M C 3(DeKTOM >XXMAKOro sapa
3emnu. B psagax, 6051ee KOPOTKUX 6 MeCALEB BENMUMHA Sk, OTK/TOHSAETCA 0T (DAKTUYECKON BE/MUMHBI
npnénunantensHo Ha 0,4%. OpHako B 6051ee A/IMHHBIX PAAaxX MMEKTCS fWLb He3HauMTe bHble OT-
K/TOHEHWISA.

Mpy NpYMeHeHWW 4115 BbipaBHMBAHWUSA, MeTo4a HaMMEeHbLUMX KBaApaToB, BO/HbI pa3bmBatoTcs
Ha rpynnbl Npyyem, NpeanonaraeTcs, YTo Be/MUMHBI O W'Y, XapaKTepHble ANS O0TAe bHbIX rpynn,
COBMajalT C BeNIMUMHAMK, CBOMCTBEHHbLIMWM Hanbo/bLLUe BOIHE B AaHHOW rpynne.

Ecnv nonvrapMoHnYeckuii NpoLecc Npuvea BbIPaBHMBAETCA He MO rpynnamM, a no  BOSIHaM,
B/INSIHWE COCEAHMX BOMH Ha pe3ynbTaTbl aHa/mM3a SBAAETCH COXHbIM, MOCKO/bKY Kak BOMHbI, Ha-
XOASLUMECs BHe TPyMMbl, TaK 1 BO/HbI B Npefenax rpynnbl 0KasbiBalT UCKadKatoLee BnsHWe. Mo-
3TOMY Hefb3A NPOCTO YyTBEPXAaTb, YTO Be/MUMHBI §Y U X, XapaKTepHble 4718 FPynnbl, COBNajatoT
C 3TUMK >Ke BeNNYMHaMK, XapakTepHbIMU A5 0TAe/IbHbIX BOMH. CTeneHb VCKaXKeHUs1 3aBUCUT OT
paccTosHUA NMKa KPYroBoi 4acToTbl (ACO) M OT A/IMHbI M3y4vaeMoi cepum (2L).

BblpaBHMBasi TEOPETUYECKNI NPUIVB MO BOSIHAM i U YUMTbIBasA €ro OKPY>KHOCTb OT int 4o n(, no-
nyyaem crnegytoLime COOTHOLLEHWS:

I2-IJ ) sin (Aoi,L)
UK j_miAl cos d, AcejL
y ;A' o sin (Aa>j)L
= — cos R
=y ! ! AcojL

rge
Aclj=0 ecnn  j=i.
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BennymHbl, noacumTaHHble 06bI4YHbIM CNOCO60M, UMET =170}

w= 2 J1, cos®,m

Vi-— 2, A sind),.

j=nii
M0 3TMM COOTHOLLEHUAM /151 UCKEDKEHUS NOYyYaETCs BblpabKeHVE:

Y+ vf

YU+vf
BpeMeHHoli xof 3Toro BbipaxkeHus Ans BosH K+ O, 1 M2 nokasaH Ha puc. 2. BeMumnHbl (hyHKLWIA

N3MEHSAIOTCA CNOXXHO M NPW OnpefesieHHbIX BeMunmHax L mcKadkeHue MOoXKeT gocturatb 1—3 %.
B ¢BA3W ¢ 3TUM, NPU BLIYUCNIEHUN BENINUUH §Y ,El,aHHOI‘/JI BOJIHbI HeO6XO,qVIMO YUUTbIBATb UCKabKEHWE.






