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RECURSION BAND-FILTERS AND THEIR DESIGN
G. GONCZ-A. ZELEI*

One phase of data processing in numerous geophysical (seismic, gravimetric,
geoelectric) methods is the hand-filtering of data. Filtering is frequently performed
with the convolution of the input data system and another data system, the weight
function of the filter. The filtered data are, depending on the length of the weight
function given, a result of a certain number of multiplications and additions.
The length of the weight function, and thus the number of operations according to
output points is the higher, the narrower the frequency band to be passed or filtered
out. In such cases, the application of recursion techniques is very advantageous.
Its essence is that it uses, for the production of one output point, not only the input
data, but also output data, filtered already earlier too. In this way a filtering effect
identical with that of convolution filters is attained with much less operations. The
general formula of the recursion algorithm is

M L
i j=_N<5<nJ ;;pvn I, (1)
where

y —the filtered output

a —the filter affecting the input

b—the filter affecting the earlier already filtered input

X —the input

It is assumed that the sampling interval is of unit value.

Formula (1) uses M +N + linput points and L output points for the production
of a single output value. Let us consider now the case N =0, M =L and let us com-
pute the transfer function of the operation. For this purpose (1) has to be written
in the frequency domain:

Fdy)m =Fda"FiM '-FdbtfiJFi{ym )

where F indicates the Fourier-transform, and | runs over input points, m runs
through every output points. After rearrangement:
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The transfer function of the operation:

F(w) — a0+ae~Jw+ ... +aMe VM @
| +F({btfu) | +ble~J»+ ...+bMe-JWM'

Since the sampling interval is of unit value, - 180° rs W =s180°, where —180°, + 180°
is the Nyquist-interval.

If z=e~iw substituted in (4), it is represented in the so-called z-domain:

-p, «wtaz+... +%rm_AMQ
U |+blz+...+bMM BM@)

F(z) is the ratio of real-coefficient, complex variable, XX-th degree polynomials.
It is simply visible that the Nyquist-interval is represented on the unit circle of the
2-plane, since |r|=1 and, if W varies from —180° to + 180°, 2 runs around the unit
circle. The F(z0) value of the transfer function can be ordered to every zo point of the
unit circle. If F(z) is required to have a definite form, the polynomials AM(z) and
BM(2) have to be chosen suitably. This can be attained by a proper position of the
roots of the polynomials. It must be noted that if a r-value is the root of any of the
polynomials, then also 2. must be one. Namely, the coefficients of the polynomials
agree with the coefficients of the filter; the latter must be, however, real.

In geophysical literature, the procedure was used for the first time by Shanks
(1967), then by Mooney (1968) who discussed the design of notch filters, band-
cut filters and band-pass filters in detail. As a simple example, a notch filter will
be presented here. In the following, the roots of AM(Z) will be called zero places, the
roots of BM(z), on the other hand, poles. Be the zero places z0=e~!3 resp.
20=e+iF’, and the poles z0=1,01.e~i¥’, resp. 20—,01.e+73". The amplitude charac-
teristics and the position of the zero places, resp. poles are visible in Fig. 1 Itp indi-
cates the distance of the pole from the origo. The sharpness of the characteristics can
be varied. If Rp increases, the steepness decreases. This is shown in Fig. 1, where

Fig. 1 Amplitude characteristics
of notch filters Bp distances 1,05,
resp. 1,01

1. abra. Lyukszilrék amplitado-
karakterisztikdi. A véalasztott Bp
tavolsag 1,05 illetve 1,01 j

Puc. 1. AMOAUTYHbIE XapaKTePUCTUKU
(hMNbTPOB-NPOOOK MpU  PacCcTOAHMAX
Rp paBHbix 1,05 u 101 cooTBeT-
CTBEHHO
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notch filters of parameters Rp=1,05 and Rp=1,01 are presented. The transfer
functions are
(z-e-i°)(z-e+J™°)
F@) (r-B pe-I*°)(r-Bpe+*) (©)
where Rpis 1,01 or 1,05.
The filter has 5 points:
1 2cos36° 1,

~d 2 n2 2+ -n2z-~
o= i
[
the filter points being:
1 —2 cos 36°
No %= K, " ORI
resp.
-2cos36° , 1
) B. b*

Fig. 2 Amplitude characteristics of band-reject filters; width
of filtered-out band: 4° a) Zero/pole pairs established in 1°
intervals; Ap=1,01; b) Zero/pole pairs established in2°inter-
vals; pole places situated at Rp—1,008; 1,05; 1,008 and mp=
= 33,5°; 36°; 38,5°
2. abra. Savvagé szlir6k amplitaidokarakterisztikai. A kisz(rtsav
4°szélességli, a) A zérus-poOlus parokat I°-ként helyeztik el.
-Rp=1,01. b) A zérus—pdlus parokat 2°-ként, a poélushelyeket
Rp=1,008; 1,05; 1.008 és <p=33,5°; 36°; 38,5° értékeknek
megfelel6en helyeztik el

Pite. 2. AMNANTYAHble XapaKTEPUCTUKM MOMOCHO-3ar PaXgatoLmx

tunbTpoB. LvpuHa 3arpaxgeHns nonocbl —4°. a) Mapbl HyneBbIX

NonCOB pasMellieHbl Yepe3 1°. PacctosHue Ap=1,01 6) Mapbl Hyne-

BbIX MOJIOCOB pa3MelleHbl yepe3 2°, MecTa MOMKCOB BblbpaHbl B

COOTBETCTBUM C BeimumHamu Rp=1,008; 1,05; 1,008 u gp=355°%
36°; 38,5°
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If the filtering of a broader band is wanted, more zero-pole pairs must be placed
besides each other. The slope depends also further on the Rp distances; in the ex-
clusion range the amplitude characteristics will be better, the more densely are the
zero-pole pairs spaced. This involves, of course, an increase in the number of the
filter points. Mooney suggests 0,5°, resp. 1° zero place distances with identical R p dis-
tances. In Fig. 2, the curve denoted by a is the amplitude characteristics of a filter
cutting a 4° band. The centre of the band lies at 36°. The zero-pole pairs have been
established at each 1°; Rpwas 1,01 selected out of the parameters suggested by
Mooney. The slope is very steep, but the elimination within the exclusion band
is not sufficiently good. This can be improved, if the notch filter placed in the centre
of the band is chosen for less steep, and the slope is gradually increased by a suitable
selection of the Rp distances. Naturally this will deteriorate the steepness of the
filter. This is clearly visible in Fig. 3, where the filtering-out of the afore-mentioned
4° band is our aim, the zero/pole pairs were situated at each 1°; Rp distances were
1,01; 1,025, 1,04; 1,025, 1,01. The zero places in this case, as always, were placed
on unit circles.

Fig. 3 Amplitude characteristics of a band-reject filter. Width
of filtered-out band : 4°; zero/pole pairs in intervals of 2°; R,,
values: 0,01; 1,025; 1,04; 1,025; 1,01

3. abra Savvagé szlré amplitddékarakterisztikaja. A kiszdrt
savszélessége 4°. A zérus—pdlus parokat 2°-ként helyeztik el.
-Bp=1,01; 1,025; 1,04; 1,025; 1,01

Puc. 3 AmnautygHas xapakTepucTMKa MONOCHO-3arpaxatollero

tunbTpa. LWupnHa nonocbl 3arpaxpeHns — 4°. Mapbl HyneBbiX

NONOCOB pa3MeLleHbl vepes 2°. PaccTosHMs Rp BbIGMpanuch paBHbIMM
1,01; 1,025; 1,04; 1,025; 1,01

Another possibility for the improvement of the characteristics would be the
densifying of zero, resp. pole places, e.g. to distances of 1/2°. This would, however,
as mentioned, increase the number of filter-coefficients. In case of 1° spacing, the
filter would consist of 19 points; with 1/2° spacing, of 35 points. This would be, of
course, still advantageous if compared with the length of a convolution filtere, by
which the same narrow band could be filtered with the same quality. Indeed, in this
case a filter of at least 150-200 points should be used.
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The amplitude characteristics of the recursive filter, as suggested by Mooney,
might be improved in the following way. If the pole distances are increased when
passing towards the centre of the band to be filtered, a good degree of exclusion
could be ensured. On the other hand, the slope could be improved if both extreme
poles were placed not radially near the corresponding zero-place, but symmetrically,
at the lower limit of the band somewhat to the left of it, at the upper one, to the
right of it. In this case, namely, the characteristics of both extreme notch filters
overshoot at the proper place, compensating the less steepness of the centre filter.
Against the previous five pairs, three zero/pole pairs were placed at each 2° in the
4° band. Thus the number of coefficients was decreased from 19 to 11; at the same
time, as shown by the curve b of Fig. 2, also the properties of the amplitude charac-
teristics have been improved. The parameters chosen were:

Ep 1,008 1,05 1,008
zero places (0 34° 36° 38°
poles (epp) 335° 36° 38,5°

The transfer function:

(z-e~iH°)(z-e +J8i%)(z- e-1F)(z-e HIF)(z- e- !B)(z- e+HPB)
=(z-1,008e~135)(z- 1,008e+I335°)(z-1,05e~JF’) X (z-1,05¢'F)
(z- 1,008e~Ps%’)(z- 1,008 e+1385)’
(8),

Fig. 4 Amplitude characteristics of band-reject filters. Width
of filtered-out band: 4°; zero/pole pairs in intervals of 2°;
a) Rp—1,008; b) Rp=1,008; 1,05; 1,008

4. abra. Savvago szlrék amplitidokarakterisztikai. A kisz(rt
sav szélessége 4°. A zérus—poalus parokat 2°-ként helyeztik el.
a) Rp=1,008; b) Rp=1,008; 1,05; 1,008

Pite. 4. AMNAMTYfHble XapaKTePUCTUKM MOMOCHO-3arpaXKAatoLLmnx
unbTpoB. LUuMpuHa nonocbl 3arpaxkaeHns — 4°. Mapbl HyneBbIX
NonCcoB pasmMellleHbl yepes 2°; a) Rp=1,008 6) Rp=1,008; 1,05; 1,008
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The amplitude characteristics were computed for an lip= 1,008, identical with
a 20 zero/pole pair spacing, in the way suggested by Mooney. The result is shown
by curve a of Fig. 4 Comparing it with curve b of Fig. 2, the former is essentially
worse. If only the central Rp distance was increased to 1,05, the characteristics
represented by the curve b of Fig. 4 were obtained. The exclusion became consider-
ably better, but the steepness decreased at the same time. The conclusion may
be drawn that the amplitude characteristics can be improved by a suitable choice
of Bp and ip values.

The amplitude characteristics jJresented and the data of the lengths of the
necessary weight function show that, in case of narrow-band filtering, recursion
filters are more advantageous' than convolution filters, the latter being too long in
such cases. With an increase of band width, however, also the length of the recursion
filter increases, since more and more zero/pole pairs are to be established.

Simultaneously the length of the convolution filter decreases more and more,
becoming, in case of broad bands, more advantageous than the recursion filter.
In this sense, both procedures are complementing each other. This fact is emphasized
and elaborated in details' in a forthcoming text-book of Mesko (1971).

The phase distortion of recursion filters

As known, the convolution filters in use are free of phase distortion, but recursion
filters are not. Special steps must be taken to make the filtered output free of phase
distortion. A simple procedure, known from literature, is, for example, to filter the
data system again, from opposite direction. Thus, as additional advantage, the ampli-
tude characteristics will be sharper, while the phase characteristics identically zero.
By this procedure, an increase in the number of operations is inevitable, but,
recognizing certain symmetry properties of recursion band filters and performing
the filtering in two steps, this increase can be kept lower.

Be X(z) the z-transform of the input and Y(z) that of the output. The filter
operation in the z-domain is:

(@)=fmg T 7 T ©)
Performing the filtering in two steps:
Y@ =AM@2) Y2 (20)
where
T»=r-T7TXQ2) (11)

By (10) a convolution filtering, by (11) a recursion filtering is defined, i.e. (9)
has been resolved into a convolution and a recursion filtering.

This was done, because it is evident that AMz) represents a 2M + 1-point zero-
phase-shift convolution filter.
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Let us write AM(2) in the form:

M

Am(2) :._I'II «0(% - 2)(20i- Z) (12)

It is known that AM(z) is of an even degree, since the number of roots is 2 or
4 or 6, etc. Let us ivrité out the r-th pair of roots separately:

(4 —D(Za—12) =ZZd—Zg+ Zdy: Y} 2- = 1—2Zg reaj-+ 7~ (13
By (13), a 3-point symmetrical operator is represented:

«10 ~ A «/1“ “''o/ real «12 1* (")

In the 2-domain, the AM() filter is produced as a product of such factors;
in the time-domain, again, as their convolution:

Anl={1; - 2z0hrcal; 1}*{1; -2r@real; 1}*.. . *{1; - 2 -om ,read '} (15)
2
The convolution of symmetrical filter operators is similarly symmetrical, i.e.
in (15)
«1= a2Mi 0?si?sM—1 (16)

Since AM(2) is symmetrical, it is free of phase distortion.

This can he very illustratively shown in the r-domain. Let us regard AM(2) as
sum of vectors interpreted on the 2-plane. Apjilying (16), AM() can be written as
follows:

AM(@) =zn(aoz~n+ ... +an 1z~-1+an+an Iz+ ... +awn)=

=zn(aozn+ ... +azi+an+an x+ ... +amn)=

\AM2)\e~*-zn  fn =M @n
where
m.. +a, 121+a,+an 12+ .,.. +aozn (18)
the phase-shift:
(19)

The znfactor is considered by shifting the input data by a sampling interval n.
It is easy to see that the value is zero. To prove this, one has only to show that the
AM(z) vector has only real component, show well by Fig. 5. The sum of each pair of
vectors fall on the real axis, therefore their resultant similarly falls on the same.
Thus, Im A[() =0, and from (19), ¢=0 for every z

The situation is not similar in the case of BM(2), since the poles were not placed
on the unit circle, thus the 3-point elementary operators will not be symmetric
either.

5 Geofizikai Ko6zi. XX. 3—4.
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Fig. 6 The AM(z) vector in the z-domain
5. é&bra. Az AM(z) vektor z tartomanyban
Puc. 5. Bektop a 'm(z) s 06nactu z

It is visible, therefore, that phase-distortion is caused only by a recursion filtering
. Merely this has to be corrected, for example in the way mentioned

with a filter
earlier.
The original data system is passed twice across the filter —~— from opposite

directions, then filtered in a non-recursive way with AMz). The difference is that the
data system had been filtered, until now, with the entire A @ filter, unneces-
sarily. The block diagram of the filtering suggested is visible iEnMF(izé. 6.

X (z) 4y HP1—y(2)

Fig. 6 Block diagram of the filtering suggested
6. abra. A javasolt szlirés blokksémaja
Puc. 6. Mpeanaraemas cxema (unbTpaLum

These two modes of filtering are not fully identical. The amplitude charac-
teristics of the method quoted from literature is

2 \AM@)\

a m (z) i
\4W) 1 BlZ) \=ejWw \BM{)* \AM(2) Liz=e-iw (20)
while that of the one suggested :
\AMQ2)\
twor= \BM(Z)\Z lz=e-W @

The difference lies in the factor AM(z). In case of suitably chosen parameters,
however, both approach the ideal characteristics fairly well.
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Also the number of operations spared was estimated. If the number of esta-
blished pairs ofroots is n, i.e. AM(z), resp. BM(z2) polynomials are of M = 2n-th degree,
the number of operations needed for each output gioint is less by An+ 1. Let us assume
that a channel of length of 2K is filtered, and n=6. The gain is about 51 000
operations. It must be noted that this estimate does not take the increase in
computer time, originating from the more complicated data motion, into considera-
tion.

The situation will be somewhat altered when the lower limit of the band to be
filtered is zero, i.e. when a low-pass filter is designed. In this case AM(z) will not be
symmetrical, its radical form will be broadened by factor (c—=z), filtering out the zero
frequency. Here cis real. This corresponds to a non-symmetrical operator (c,- 1),
and the symmetry of the numerator will be destroyed by the convolution made with
it. Accordingly, this factor must be detached from AM(z). The filtering will be modi-

fied in such a way that a two-way recursive filtering is made with ﬁ"\}@ according
to the formula

F(Z) =2 m @) (22)
BM(9

where
AM(@2) =Ai(2)-(c-2)

then the convolution filter Ax() is applied to the result.
Finally, thanks are due to the Geophysical Exploration Co. of National Qil and
Gas Trust for their kind permission to publish this paper.

REFERENCES

Mesko, A. M., 1971: Foundations of digital seismic data processing. University manual
(in Hungarian) (in print).

Mooney, H. M., 1968: Pole and zero design of digital filters, Geophysics, Vol. 33, No. 2,
pp. 354-360.

shanks, |., 1967: Recursion filters for digital processing. Geophysics, Vol. 32, No. 1,
pp. 33-51.

GONCZ GABOR—ZELEI ANDRAS

REKURZIV SAVSZUROK TERVEZESE

A tanulmany els6 részében rovid attekintést ad a rekurziv savsziirékrél, alkalmaza-
suk elényeir6l és korlatairol, valamint tervezésiik egyfajta — az irodalomboéljélismert —
maodjarél. A maédszer alkalmazasaval a sz(r6k amplitGdékarakterisztikaja javithato.
A rekurziv szlrék faziskarkterisztikajara vonatkozdélag ismeretes, hogy ezen sz(ir6k nem
zérus fazistolasuak. Bizonyos eljarassal — az egyszer mar megszlrt adatok ismételt
szlirésével — a fazistorzitast ki lehet kiiszobdlIni. Figyelembe véve a rekurziv sz(rék at-
viteli figgvényének bizonyos szimmetria tulajdonsagait ez a masodik sz(rés lerovidithetd.
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. TEHU—A. 3EJIEN

PASPABOTKA PEKYPCMBHbLIX MOJZIOCHbLIX ®WN/IbTPOB

B nepBoii 4acTu paGoTbl KOPOTKO M3NaraloTcs CYLIECTBYIOLIME BUAbI PEKYPCUBHBIX MOMOC-
HbIX (DUNLTPOB, MX MPEUMYLLECTBA M OrpaHMyeHuns, a TakKe XOPOLIO M3BECTHbLIA U3 NUTepaTypbi
MeTo, UX pa3paboTKU. MeToq MO3BOMSET YNYyUlUTb aMMUTYAHble XapaKTepUCTUKKU (DUNLTPOB.
O (a3o0BOM XapaKTepUCTUKE PEKYPCUBHbLIX (IMNbTPOB WM3BECTHO, YTO B HUX (ha30BOe CMeLLEHWe
He paBHsieTcst Hynto. C NpuMeHeHMeM OMnpefeneHHOro cnoco6a — nyTem MOBTOPHON (MALTPALIUM
yXe OT(UNbTPOBAHHBIX JaHHLIX — MOXHO WCK/MIIOUMTb (DA30Bble MCKAXKEHWs. YUuUTbIBas onpeae-
NeHHble 0COBEHHOCTU CUMMETPUM XapaKTepUCTUKN PEKYPCUBHBIX (INbTPOB MOXHO COKPaTUThL

BTOPYI0 (pUAbTPaLyIO.

Flggelék

A fliggelékben a rekurziv szlrdk zérus—polus elhelyezéssel torténé tervezését
kivanjuk szemléletessé tenni néhany egyszer(i példa segitségével.

Tegytk fel, hogy olyan lyuksz(rét akarunk tervezni, z-tartomanyban, mely a
zérd frekvenciat, azaz az egyenkomponenst sz(iri ki a bemeneti adatrendszerbdl.
Jeloljuk ezensz(rd atviteli fliggvényét F(z)-vei. Minthogy definicid szerint z =e~jafr
—ahol r a mintavételi tdvolsag — olyan F(z)-t kell valasztanunk, melyre fennall,
hogy 2(1) = 0. Ez teljesul ha:

(D

Az atviteli fuggvény zérohelye z= 1-nél van. Az amplitiddkarakterisztika :

\F@\ =tL"-

Az 1 abréan lathato, hogy az (1—2) vektor hossza egyenld az amplitiddkarakterisz-
tika valamely z helyen felvett értékével. Lathatd, hogy F(1)=0 és Fj—)=1

Fig. 1 Transfer function of
nofch filter F(z) on the s-plane
1 é&bra. Az F(z) lyuksziir at-
viteli fuggvénye a”z-sikon
jPuc. 1. Xapaktepuctuka mnbTpa-
npobkn F(z) Ha nnockoctn z
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A 2. 4bra a gorbéje mutatja az amplitidokarakterisztikat a Nyquist-intervallumban.
Ez, tavolodva a zérus frekvenciatol, igen lassan novekszik, emiatt erésen vagja a
zérus frekvencia elég tag kornyezetét is. Ez nemkivanatos hatas. Mindenesetre az
(1; —1) kétpontos sz(ird megvalGsitja az egyenkomponens Kisziirését. Elesebb
amplituddkarakterisztikaju sz(ir6re lenne azonban sziikségunk. Definialjuk G(z)-t
a kovetkez6képpen:

©)

ahol Rp valos.

GT 20° W 60" SO 100" 120 HCT wo* 10"

Fig. 2 Amplitude characteristics of filter F(z) (curve a) and
of G(z) (curve b)

2. &bra. Az a-val jeldlt gorbe az F(z) a &-vel jeldlt a G(z) sz(iré
amplituddkatakterisztikaja

Puc. 2. AMnAnTygHble xapaktepucTtuku a) punbtpa F(z);
6) dhmnbTpa G(2)

G(z) zérdhelye megegyezik F(z) zéréhelyével, és polusa van a z=Rp helyen. A 3. abra
szemlélteti az elhelyezett pélus hatdsat. A \G)\ az (1—s) és a (Rp-z) vektorok
hosszanak hanyadosa. Ha Rp—1+a, ahol O<a«lakkor |1—z| és \Rp—2\ kozelitéleg

ahol |G(1)] =0. Az abréardl leolvashatd a faziskarakterisztika értéke is:
>2)=0 (2)-ip(2). “

A 2. dbra b gorbéje a G(z) sz(ir6 amplitidokarakterisztikaja. Lathato tehat, hogy egy
zérushely és egy polus elhelyezésével igen nagy vagasi meredekségii szlrét allit-
hatunk el6.
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3 dbra A Q2) sziiré atviteli figgvénye a z-sikon
Puc. 3. XapakTepuctunka unbtpa G(z) Ha NAOCKOCTM S

Ha X(z)-vel jeldljiik a bemenet, Y(z)-vela kimenet z-transzformaltjat, a sz(irést
z-tartomanvban a kovetkezd képlet irja le:

J. 1

T(2) = —--Xh),

I"K e
id6tartomanyban pedig:

Yn =Rp Xn ~Rp Xn~l +Bp yn~1 ©

a sz(ir6 harompontos, Rp értékeire a szokasos valasztas 1,01 <12p< 1,1 ettdl fuiggen
valtozik a lyuksz(rdé meredeksége. Bonyolultabb sz{iréket is hasonlé meggondolasok-
kal tervezhetiink. )

Felvet6dhet a kérdés miért nem tehet6k polusok az egysegkor belsejébe. Altala-
nosan bizonyithatd, hogy az ily médon kapott sz(ir6 nem lenne stabil. Ismeretes,
hogy egy linearis sz(ir6 akkor stabil, ha az egységimpulzus bemenetre adott valasz
— amelyet sulyfliggvénynek is szokas nevezni — id6ben lecseng, azaz ha a rendszer
visszatér nyugalmi allapotaba. Mas szavakkal, ha véges energidju bemenet esetén
a kimenet energiéja is véges lesz.

Vizsgaljuk meg a fenti sz(r6 stabilitasat. Ehhez sziikséglink lesz az egység-
impulzus bemenet 2-transzforméltjara. Az egységimpulzus bemenet:

1 n=o0
_\/11
0 tir0 v
A r-transzformdlt definicioja:
X(z) =Z X nen. 8)
n=0

igy (7) 2-transzformaltja X{z)—\.
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A kimenet z-transzforméltja (5) alapjan:
. Rn D¢
rw -i mX(2): 9)
l-jr-z
R

amely éppen az atviteli fluggvény, a |z| =1 koron.
(9)-et sorbafejtve Y (2)-re a kdvetkezd képletet kapjuk:

(*) = 1- -1 2+ (10)
( ) Rn R’ RP
a kimenet id6tartoméanyban tehat az
1 . 1 1 11
(n)
\% "rRPVoow "] Rp

sorozat lesz.
Ha Rp=la kimenet megegyezik a bemenettel, ekkor ugyanis G(z) =1 lesz.
Ha Rp>1 akkor:

. o8 1 )
nl_m R an-i i?) lim R -0

tehat a kimenet lecseng.

Végul ha 1 akkor -—>1, igy a kimenet minden hataron tal né. A sz(ir6 instabil.

A pélusokat tehat min%gnkor az egységkoron kivil kell elhelyezni. 3

A zérus és polushelyek az el6z6 példékban a valds tengelyen voltak. Altalaban
ezek komplex szamok. llyen esetekben a megfelel6 komplex konjugalt értékeket
is figyelembe kell venni a sz(ir6 tervezésénél.








