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Abstract: In this study, an investigation regarding optimal elastic-plastic analysis method of 
different reinforced concrete (RC) structures is held by applying the residual plastic 
deformations limitations on the steel bars inside the reinforced concrete. Where different 
structures, including simple beam and slab, are selected as benchmarks and modelled 
numerically using ABAQUS in order to calibrate their experimental behaviour according to 
laboratory tests. Furthermore, concrete damage plasticity (CDP) constitutive model was 
applied to represent concrete behaviour in the numerical models considered. Then, an 
objective function was established for optimizing the applied plastic loads for each structure 
where the process of controlling plastic deformations was carried out by applying constraints 
on the complementary strain energy of the residual internal forces initiated inside the steel 
bars. This methodology was applied by authors by writing MATLAB code and linking it with 
ABAQUS to determine the corresponding applied plastic load for each entered 
complementary strain energy. Generally, applying optimization problem for each model 
showed that the complementary strain energy of the residual forces reflects the general 
behaviour of the structures and may be assumed as a constraint controlling the plastic 
behaviour of the structures whereas the obtained results indicated how structures acted 
differently when possessing different complementary strain energy values turning from 
elastic into elasto-plastic condition and then reaching plastic state. 

Keywords: optimal analysis; non-linear elasto-plastic analysis; complementary strain 
energy; reinforced concrete beam; reinforced concrete slab; limited residual plastic 
deformations 

1 Introduction 
Composite steel-concrete structures represent an efficient and economical form of 
construction for building and bridge applications leading to economical and 
efficient structural solutions. Therefore, steel behaviour is carried out in different 
cases and investigations [1, 2, 3, 4, 5]. On the other hand, controlling steel 
deformation is one of the most typical problems within metals processing where the 
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influence of residual stresses on fatigue behaviour is regarded as an essential issue 
to control the steel behaviour. Over the last few years, an increasing number of 
investigations have been held out to understand the effects of residual stresses and 
deformations on mechanical performance, Christidis et al., [6] proposed an efficient 
and simple method for specifying ultimate seismic displacements generated in steel 
frames caused by the residual deformation by investigating the non-elastic 
behaviour of various steel frames subjected to powerful ground movements. 
Therefore, based on comprehensive parametric investigations, observed equations 
are made to determine the seismic displacement that can be calculated after 
powerful seismic possibilities. And as a result, the usage of residual deformations 
could be effectively employed to estimate the performance status of steel structures 
after an earthquake. Generally, Residual stresses appear in numerous simulated 
structures and features so a large number of researches investigated this 
phenomenon. Gradually, various techniques have been created to calculate residual 
stress for diverse kinds of elements to get a dependable estimation. The different 
techniques have developed over many years and their applications have 
significantly aided by the growth of complementary methods like computing power 
and numerical methods. Rossini et al., [7] classified the various residual stresses 
measuring techniques and provided a summary of some recent advancements to 
assist investigators in choosing their methods between destructive, semi-
destructive, and non-destructive methods depending on the application and the 
availabilities of the methods. Considering extensive parametric research on 
structures with a single degree of freedom structures, Hatzigeorgiou et al. [8], 
constructed practical formulas for an uncomplicated and adequate calculation of the 
maximum seismic deformation using residual displacements, that can be computed 
after powerful seismic events. 

As for concrete, it is major to understand the behavior of this essential material, that 
is why, different researchers considered studying concrete properties 
experimentally and numerically [9, 10, 11]. The concrete damaged plasticity model 
(CDP) is presently one of the considerable concrete models employed for concrete 
simulation in ABAQUS. This model was described theoretically by Lubliner et al. 
in 1989 [12] then developed by Lee and Fenves in 1998 [13]. Where the model 
basically illustrates that there are two damage mechanisms including tensile 
cracking and compressive crushing of concrete, where the stiffness of the material 
is decreased by two damage parameters, individually for tension and compression, 
also the yield function is defined according to Lubliner [12] while the flow potential 
is a hyperbolic function [14]. Michał and Andrzej, [15] used the concrete damaged 
plasticity model (CDP) for modeling reinforced concrete structures using ABAQUS 
software. Performing numerical simulations concerning uniaxial and biaxial 
compression and uniaxial tension of a sample concrete specimen to be compared 
with experimental results. While, Shafieifar et al., [16] determined the tensile and 
compressive behaviour of ultra-high-performance concrete using the Concrete 
Damage Plasticity model (CDP) to define concrete performance in the absence of 
sufficient experimental data. 
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Plastic analysis and design methods are used when there are several engineering 
issues during the analysis and design of structures subjected to normal loads 
supplying details of the collapse and the post-yield behaviour benefiting in savings 
in materials. The optimal plastic design aims to make use of the plastic reserve of 
structures and to specify the optimal configuration of the material leading to a 
decrease in the overall weight or improving the load-carrying capacity. However, 
repeated plastic deformations and extreme residual displacements could be gathered 
and the structure might become unworkable. That is why limitations for the residual 
strains and displacements have to be involved in plastic analysis and design 
enabling the controlling of the plastic behaviour in structures. 

As one of the oldest branches of mathematics, optimization theory catalyzed the 
development of geometry and differential calculus as it finds applications in a 
myriad of scientific and engineering disciplines [17, 18, 19]. Kaliszky and Logo, 
[20] presented three appropriate methods for the finding the optimal material form 
in the case of elasto-plastic structures under extreme loading. In meanwhile, Rohan 
and Whiteman [21] stated that the problem of optimal design belongs to a branch 
of the optimal control hypothesis that the control variable specifies the geometry of 
the issue aiming to find the shape of a compliant body so that an objective function 
reaches its minimum over an admissible set, where the general objective function 
affects both the state variables and the control variables as design parameters.  
As shape optimization for elastic deformation is easier than the elasto-plastic case, 
sensitivity analysis and optimization of elasto-plastic bodies are held as isotropic 
strain hardening takes place where the elasto-plastic behaviour of the material is 
controlled by a non-linear complementarity problem. Wang and Ohmori [22] 
utilized a cumulative elasto-plastic analysis approach forecasting the factor of the 
collapse load applied on a truss. The acquired factor of the collapse load is included 
in truss optimization used to develop the truss that keeps load-carrying capacity 
underneath standard load conditions and avoids collapse. 

On the other hand, some applications of nonlinearity and concrete behavior were 
considered where Sae-Long et al. [23] suggested an efficient frame model with the 
inclusion of shear-flexure interaction for nonlinear analyses of columns normally 
presented in reinforced concrete (RC) frame buildings built prior to the introduction 
of modern seismic codes in the Seventies. While He et al. [24] considered the 3D 
printing procedure as a discontinuous control system and gave a straightforward and 
readable bond stress-slip model for a new and intelligent building 3-D printed 
concrete. 

Besides, delivering a method for efficient prediction of areas in the structure as high 
stresses that lead to plastic deformation will occur. Where Strzalka et al. [25] 
proposed an investigation concentrated on the exploration of an efficient method 
for the a priori detection of a structural component’s highly stressed areas. While 
an efficient method for the a priori detection of highly stressed areas of force-
excited components was presented by Strzalka and Zehn [26], based on modal stress 
superposition. As the component’s dynamic response and related stress are always 
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a function of its excitation, where certain attention is paid to the effect of the loading 
position. 

This study aims to introduce a novel optimal elasto-plastic analysis method aiming 
to put the plastic behaviour of reinforced concrete structures under control by 
restraining the residual plastic deformations initating inside the steel bars of two 
selected models, a reinforced concrete beam [27] and a reinforced concrete slab 
[28], employing complementary strain energy of residual forces which is considered 
globally displacement limitation. Thereafter, these chosen structures were 
numerically calibrated using ABAQUS and CDP model [14], which defines the 
concrete damage developed in the structures. The used method is extended from the 
work originally produced by Kaliszky and Lógó [29]. Generally, the work in this 
study includes considering an objective function to optimize the applied plastic load 
assuming that the complementary strain energy is a constraint controlling the plastic 
behaviour of steel bars. Then, the authors created a non-linear optimization 
programming code using MATLAB and this was connected to the numerical 
models calibrated in ABAQUS where residual stresses were calculated after 
running the code for each increment in order to achieve the optimal load values, 
after that, the complementary strain energy was calculated and a comparison with 
the allowed value set in the MATLAB code was considered to investigate the 
influence of the complementary strain energy on the plastic limit of structures 
loading bearing capacity. 

The structure of this paper includes the numerical modelling procedure of the two 
benchmarks in Section 2, while Section 3 has a clear description of the limited 
residual plastic deformation approach applied on steel bars. furthermore, Section 4 
contains the formulations of the optimization problem, while Section 5 presents a 
summary of results and explanations of the optimized structures. Eventually, 
conclusions are demonstrated in Section 6. 

2 Numerical Calibration of the Structures 

2.1 Simple Reinforced Concrete Beam Case 

Simply supported reinforced concrete beam model having concrete strength of 25 
MPa was considered in this section [27]. The test programs consisted of 
manufacturing and testing RC beam with rectangular cross-section of 250 mm x 
350 mm and a length of 2500 mm, under four-point load as displayed in Fig. 1 
where the details of the chosen model S20-1 are clarified. Sequentially, this beam 
was calibrated by ABAQUS as indicated in Fig. 2 using the CDP model to define 
concrete behavior where a 3D eight nodes solid element (C3D8) was used to 
represent concrete, while the reinforcement bars were represented as a 3D beam 
element with a 2-node linear beam in space (B31). Consequently, crack patterns and 
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load-deflection curves were acquired as illustrated in Figs. 3 and 4, which clearly 
show that the numerical results are agreeing with the experimental results given by 
the study. 

Figure 1 
Details of S20-1 model 

Figure 2 
S20-1 numerical modelling 

 
Figure 3 

Crack patterns of S20-1 model 

 
Figure 4 

Load-Deflection relationship for S20-1 model 



S. Khaleel Ibrahim et al. Optimal Elasto-Plastic Analysis of Reinforced Concrete Structures  
 under Residual Plastic Deformation Limitations 

‒ 50 ‒ 

2.2 Reinforced Concrete Slab Case 

In this section, a one-way reinforced concrete slab model (SP1) was considered [28] 
with 1750 mm in length, 700 mm in width, and 100 mm in depth. The slab was 
tested under two-point load with 500 mm load distance, and supported with a clear 
span of 1725 mm, also, the reinforcement bars were 8 mm in diameter. Fig. 5 shows 
the model properties where this model was calibrated using ABAQUS by applying 
a 3D eight nodes solid element (C3D8) to represent the concrete, while as the 
reinforcement bars were represented as a 3D beam element with a 2-node linear 
beam in space (B31) as shown in Fig. 6. As a result, crack patterns and load-
deflection curves were obtained for the slab as displayed in Figs. 7 and 8, and these 
results are compatible with the experimental results offered by the study. 

 
Figure 5 

Details of SP1 model 

 
Figure 6 

Numerical modelling of SP1 
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Figure 7 

Crack patterns for SP1 model 

 
Figure 8 

Load-Deflection relationship for SP1 model 

3 Limited Residual Plastic Deformation Theory 
Applied on Steel Bars 

Presenting the Euler notation, assume a body formed of elasto-plastic, time- and 
temperature-independent material with volume V and surface 𝑆. A part of 𝑆, 𝑆௨ is 
under zero surface displacements, whilst the remaining part 𝑆௤, is under quasi-static 
surface tractions 𝑞௜ ሺ𝑡ሻ. The subsequent amounts regarding the surface tractions 
𝑞௜ ሺ𝑡ሻ are described at time 𝑡, as [30, 31]: 

𝜎௜௝ሺ𝑡ሻ = actual stresses, 

𝜖௜௝ሺ𝑡ሻ  and 𝑢௜ሺ𝑡ሻ = actual strains and displacements, 

𝜎௜௝
௘௟ሺ𝑡ሻ  = fictitious stresses that would occur if the material were purely elastic, 
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𝜖௜௝
௘௟ሺ𝑡ሻ and 𝑢௜

௘௟ሺ𝑡ሻ = fictitious elastic strains and displacements corresponding to 
𝜎௜௝
௘௟ሺ𝑡ሻ, besides, the following different self-stress distributions are introduced: 

𝜎௜௝
ோሺ𝑡ሻ  = actual residual stress distribution, 

𝜎ത௜௝
ோ = any arbitrary, time-independent self-stress distribution. 

The real strain is divided into elastic and plastic parts, as shown in Eq. (1). Devoting 
the latest notation, the elastic strain parts are linked to real stresses by the 
constitutive law, 

𝜖௜௝ ൌ 𝜖௜௝
௘௟ ൅ 𝜖௜௝

௣௟                                                  (1) 

𝜖௜௝
௘௟ ൌ 𝐶௜௝௞௟𝜎௞௟

௘௟                                                   (2) 

As the plastic strain 𝜖௜௝
௣௟  and the elastic tensor 𝐶௜௝௞௟  are expressed by the 

accompanied flow rule, 

       𝜖௜௝
௣௟ ൌ 𝜆

డ௙

డఙ೔ೕ
 ,     𝜆 ൒ 0 if 𝑓 ൌ 0 and 𝑓ሶ ൌ 0,    otherwise  𝜆 ൌ 0                  (3) 

here 𝑓ሺ𝜎௜௝ሻ is the yield function and 𝑓ሺ𝜎௜௝ሻ = 0 defines a convex surface in the stress 
space. 

Yet, the fictitious elastic stresses 𝜎௜௝
௘௟ሺ𝑡ሻ, the actual stresses 𝜎௜௝ሺ𝑡ሻ, and the actual 

residual stresses 𝜎௜௝
ோ should fulfill the next relation: 

        𝜎௜௝ሺ𝑡ሻ ൌ 𝜎௜௝
௘௟ሺ𝑡ሻ ൅ 𝜎௜௝

ோ                                                 (4) 

here 𝜎௜௝
௘௟ሺ𝑡ሻ is related to the fictitious elastic strain 𝜖௜௝

௘௟ሺ𝑡ሻ by the constitutive law, 

𝜖௜௝
௘௟ሺ𝑡ሻ ൌ 𝐶௜௝௞௟𝜎௞௟

௘௟ሺ𝑡ሻ.                                                 (5) 

Assume the entire complementary plastic work 𝑊௣ሺ𝜏ሻ achieved during a load path 
from the undisturbed state at 𝑡 = 0 up to 𝑡 = 𝜏. This outcome could be regarded as 
an appropriate measurement in evaluating the plastic behaviour and general plastic 
deformation of an elasto-plastic body. Its upper bound can be acquired by the 
subsequent theory presented by Capurso [32, 33] and Capurso et al. [34, 35]. 

If any time-independent distribution of self-stresses 𝜎ത௜௝
ோ could be discovered so that 

the situation: 

          𝑓൫𝜎௜௝
ாሺ𝑡ሻ ൅  𝜎ത௜௝

ோ൯ ൑ 0                                              (6) 

is satisfied in V at any time 𝑡 ൑ 𝜏, then the total complementary plastic work is 
upper bounded by the condition: 

      𝑊௣ሺ𝜏ሻ ൑
ଵ

ଶ
𝐶௜௝௞௟׬  𝜎ത௜௝

ோ 𝜎ത௞௟
ோ  𝑑𝑉.                                      (7) 
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It can be seen that the bound may be enhanced using the proper selection of ( 𝜎ത௜௝
ோ) 

[32, 33]. Considering the bound on the complementary plastic work illustrated by 
Eq. (7). To stop excessive plastic deformations, set a suitably selected allowed 𝑊௣଴ 
on the plastic work 𝑊௣. The boundaries of the plastic deformations are defined by 
the existent residual stresses; i.e., it is assumed that:                                                            

    𝜎ത௜௝
ோ ≡ 𝜎௜௝

ோ .                                                     (8) 

This assumption delivers a reasonable upper bound and permits a proper form of 
the issue. Thus, the plastic deformation constraint will be: 

              𝑊௣ሺ𝜏ሻ ൌ
ଵ

ଶ
׬ 𝐶௜௝௞௟ 𝜎௜௝

ோ 𝜎௞௟
ோ 𝑑𝑉 െ  𝑊௣଴  ൑ 0.   ௏                           (9) 

Consequently, a proper computational approach was suggested that the 
complementary strain energy of the residual forces may be described as a general 
measure of the plastic behaviour of structures whereas the residual deformations are 
needed to be restrained using boundaries for such energy amount. Eq. (9) were 
created regarding the case of bar elements, the complementary strain energy is 
calculated by the residual forces as the following: 

𝑊௣ ൌ
ଵ

ଶ୉
 ∑

୪౟
஺೔

 𝑁௜
ோమ ൑ 𝑊௣଴

୬
୧ୀଵ                                  (10) 

where 𝑊௣଴ is a suitable permissible energy value for 𝑊௣ and can be derived from 
the elastic strain energy of the structure (see, e.g., Kaliszky and Lógó [36]). Also, 
𝑙௜ , ሺ𝑖 ൌ 1, 2, … ,𝑛ሻ  represents the length of the member (bar elements), while the 
area of bar elements cross-section is represented by, 𝐴௜ , ሺ𝑖 ൌ 1, 2, … ,𝑛ሻ  while  𝑁௜

ோ 
denotes the residual force of the bar members and E is Young's modulus of the 
material of bars. By applying Eq. (10), the plastic deformations of bar elements are 
limited as a suitable limited value 𝑊௣଴ is presented. 

Besides, the residual forces 𝑁ோ  that held in the structure after finishing the 
unloading are introduced by the internal plastic force 𝑁௣௟ which will occur in the 
structure by applying the loading 𝑃଴ and the elastic internal forceെ𝑁௘௟: 

𝑁ோ ൌ 𝑁௣௟ െ 𝑁௘௟                                           (11) 

where: 

                                           𝑁௘௟ ൌ 𝐹ିଵ𝐺்𝐾ିଵ𝑃଴                                                    (12) 

Where the flexibility matrix is represented by F; whilst the geometrical matrix is 
denoted by G; moreover, the stiffness matrix is represented by K. Mainly, this 
approach will be used on the steel bars used to reinforce the RC structures for 
controlling the plastic deformation developed within, nevertheless, the internal 
forces generated in the concrete are not counted during the optimization problem 
because of its weak contribution in tension if compared with steel. 
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4 Optimization Problem 
The mathematical equation to determine the optimal load value of RC structures is 
arranged in this part. A non-linear optimization approach is proposed to obtain the 
maximum optimal plastic load (𝐹௣௟) applied to the selected models, employing the 
extremum plasticity principles, the step-by-step redeveloped constitutive elements 
are not needed. The next equations represent the elements employed in the 
optimization code where the purpose is to maximize the applied load (𝐹௣௟) whilst 
the plastic deformation is controlled (𝑊௣଴ value) using the constraints provided, 
also, 𝐴௜  and 𝑙௜ describe the cross-section area and length of each steel element, 
respectively. 

𝑀𝑎𝑥.  →  𝐹௣௟ 
(13a) 

 

𝑆𝑢𝑏𝑗𝑒𝑐𝑡𝑒𝑑 𝑡𝑜:  𝑁௘௟ ൌ  𝐹ିଵ𝐺𝐾ିଵ𝑃଴; (13b) 

െ𝑁௣௟തതതതത ൑  𝑁௉௟ ൑  𝑁௣௟തതതതത; 
(13c) 

 

1
2E

 ෍
l୧
𝐴௜

 𝑁௜
ோమ ൑ 𝑊௣଴

୬

୧ୀଵ

. 
(13d) 

 

Eq. (13b) shows the estimation of the elastic fictitious internal normal forces 
developed in the steel elements, whilst the inequality Eq. (13c) indicates the lower- 
and upper-plastic limit conditions, whereas 𝑁௣௟തതതതത represents the ultimate plastic limit 
load. Furthermore, boundary Eq. (13d) shows the complementary strain energy of 
residual forces employed for controlling the plastic deformations in steel elements 
as a globally known measurement of plastic behaviour of the structures. Fig. 9 
describes the procedure of the optimization problem as the CDP parameters used in 
the optimization problem are regarded constants. 

Essentially, the boundary of plastic deformation employing complementary strain 
energy is used on steel bars located inside RC structures for controlling the plastic 
deformation developed within. However, the internal forces developed in the 
concrete are not included during the optimization process due to its weak 
contribution in tension in comparison with steel where it is comprehended that 
tension strain in steel is higher than tension strain in concrete that can drive the early 
collapse of concrete subjected to tension condition. 
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Figure 9 

Optimization problem process 

5 Results and Discussions 

5.1 Simple Reinforced Concrete Beam Case 

In this part, the results of having reinforced concrete beam are presented and 
discussed. Apparently, Fig. 10 displays the load-𝑾𝒑𝟎 relationship for S20-1 beam 
noting that as 𝑾𝒑𝟎 value increases, the related load is increasing too showing a 
higher plasticity condition. When 𝑾𝒑𝟎 value is zero, the curve is within an elastic 
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state, nevertheless, the curve starts pushing towards the plastic state when 
𝑾𝒑𝟎 value increases. 

Additionally, Table 1 demonstrates steel stress intensity for the model assuming 
different cases of 𝑾𝒑𝟎, and it is clear that the red spots that symbolize high-stress 
intensity in steel are increasing as 𝑾𝒑𝟎value increases as the colour varies from 
blue (low-stress intensity in steel) into red (high-stress intensity in steel). 
Eventually, having such results proves the effectiveness of the complementary 
strain energy as a plasticity controller that makes it possible in expecting and 
controlling the plastic failure behaviour of the beam. 

 
Figure 10 

Load-𝑾𝒑𝟎 relationship for S20-1 model 

Table 1 

𝑊𝑝0 - load effect on the stress intensity of S20-1 model 

𝑾𝒑𝟎 (N.mm) P (kN) Stress intensity 

0 300 

 

  > 0.9  

  < 0.05  
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5.5 370 

 

113 420 

 

440 425 

 

1200 427 

 

5.2 Reinforced Concrete Slab Case 

The results of having reinforced concrete slab are illustrated and discussed in this 
section where it is worth mentioning that the bars in the long direction are not 
yielded in this case as the slab is working as a one-way slab. Apparently, Fig. 11 
shows the load-𝑾𝒑𝟎 relationship for the selected slab noting that by the increment 

  > 0.9  

  < 0.05  

  > 0.9  

  < 0.05  

  > 0.9  

  < 0.05  

  > 0.9  

  < 0.05  



S. Khaleel Ibrahim et al. Optimal Elasto-Plastic Analysis of Reinforced Concrete Structures  
 under Residual Plastic Deformation Limitations 

‒ 58 ‒ 

of 𝑾𝒑𝟎 value, the corresponding load is increasing too indicating that higher 
plasticity state is acquired that when 𝑾𝒑𝟎 value is zero, the curve act in elastic 
condition, yet, the curve begins proceeding towards plastic state as 𝑾𝒑𝟎value 
growths. 

For more explanations, Table 2 displays steel stress intensity for SP1 model 
considering various possibilities of 𝑾𝒑𝟎, and by comparison, it is detected that the 
red spots that shows high-stress intensity in steel, increase when 𝑾𝒑𝟎 value 
increases as the colour goes from blue (low-stress intensity in steel) into red (high-
stress intensity in steel). So, having such outcomes proves the usefulness of the 
complementary strain energy as a plasticity controller which makes it likely in 
predicting and controlling the plastic failure behaviour of the slab. 

 
Figure 11 

Load-𝑾𝒑𝟎 relationship for SP1 model 

Table 2 

𝑊𝑝0 - load effect on the stress intensity of SP1 model 

𝑾𝒑𝟎 (N.mm) P (kN) Stress intensity 

0 70 

 

  > 0.9  

  < 0.05  



Acta Polytechnica Hungarica Vol. 20, No. 1, 2023 

‒ 59 ‒ 

2 125 

 

60 155 

 

Conclusions 

In this investigation, the optimal analysis problem of RC structures was studied. 
Thus, a numerical calibration process was carried out in order to validate the two 
benchmarks selected from earlier studies [27, 28] where the concrete damage 
plasticity (CDP) constitutive model was employed to define the behaviour of the 
used concrete. Sequentially, an optimization problem was used to maximize the 
plastic loading while controlling the plastic deformations by employing the 
complementary strain energy of the residual internal forces 𝑾𝒑𝟎 as a constraint. 
Eventually, different points were concluded whereas 𝑾𝒑𝟎  value increases, the 
corresponding load is increasing too indicating that a higher plasticity state is 
acquired. Moreover, when 𝑾𝒑𝟎 value is small, the curves are within elastic region, 
nonetheless, the curves start moving towards plastic region as 𝑾𝒑𝟎 value increases. 
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