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1 Introduction

Consider the integral

265 [t oo q
Vo) = Fo ) / e (2 = 2)ids,
where ¢ > —1 and x > 0. This integral can be regarded as the one dimensional reg-
ularization of the Coulomb potential, which has applications in the study of atoms
in magnetic fields, see [10] for more details. Recently, Ruskai and Werner [10],
and later Alzer [1] studied intensively the properties of this integral. In [1, 10] the
authors derived a number of monotonicity and convexity properties for the function
V,, as well as many functional inequalities.
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It is important to mention that V,, in particular when g = 0 becomes

1 00
m(x) = ﬁVo <\%) = exz/Z/X e 241,

which is the so-called Mills ratio of the standard normal distribution, and appears
frequently in economics and statistics. See for example [3] and the references
therein for more details on this function.

The purpose of the present study is to make a contribution to the subject and to de-
duce some new monotonicity and convexity properties for the function V,, as well
as some new functional inequalities. The paper is organized as follows. In section
2 we present the convexity results concerning the function V;, together with some
Turéan type inequalities. Note that the convexity results are presented in three equiv-
alent formulations. Section 3 is devoted for concluding remarks. In this section we
point out that V, is in fact a particular case of the Tricomi confluent hypergeometric
function, and we deduce some other functional inequalities for V. In this section
we also point out that the Turdn type inequalities obtained in section 2 are particular
cases of the recent results obtained by Baricz and Ismail [5] for Tricomi confluent
hypergeometric functions, however, the proofs are different. Finally, in section 3 we
use the Turdn type inequalities for the function V,, to derive some new tight upper
bounds for the Mills ratio m of the standard normal distribution.

2 Functional inequalities for the function V,

The first main result of this paper is the following theorem. Parts a and b of this
theorem are generalizations of parts b and d of [3, Theorem 2.5].

Theorem 1. The next assertions are true:
a. The function x = xV,(x)/Vy(x) is strictly decreasing on (0,) for g > —1.
b. The function x — szé (x) is strictly decreasing on (0,0) for g > —1.
c. The function x — x’IV(; (x) is strictly increasing on (0,0) for g > 0.

d. The function x — V,(x) /(xV,(x)) is strictly increasing on (0,%0) for g > 0.

Proof. a. Observe that V,(x) can be rewritten as [1, Lemma 1]

Xdt1/2 e 54
Vy(x) = EE) /0 efxsi(ers)l/zds.
By using the change of variable s = ux we obtain
2g+1 oo q
V,(x) = m/o e "(H“Wdu, 2.1
and differentiating with respect to x both sides of this relation we get
, (2q+1)x% [~ o uf 22 e 5yt
=T h T T b ¢ T
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Thus, for g > —1 and x > 0 we obtain the differentiation formula
WVg(x) = (2q+ 1)Vy(x) = 2(g + 1)V (%), 2.2)
which in turn implies that

qu/(x) _ _ q+1( )
V,00 =2g+1 2(q+1)7vq(x) )

Now, recall that [1, Theorem 7] if p > g > —1, then the function x — V),(x) /V,(x) is
strictly increasing on (0, o). In particular, the function x — V. 1(x)/V,(x) is strictly
increasing on (0,c0) for ¢ > —1, and by using the above relation we obtain that
indeed the function x +— xV;(x)/V,(x) is strictly decreasing on (0,) for g > —1.

b. According to [1, p. 429] we have

T S R
V,(x) = F(q—l—l)/o e (x2+t)3/2dt' (2.3)

Observe that for ¢ > —1 and x > 0 we have

14

[-T(g+ 1)xV,;(x)]/ = [xZ /000 el(szt)mdt}/

3x?
_/ +t3/2 (2 +t)dt

q
>—x/0 eﬁt(iw = T(q+ 1)V, (x).

In other words, we proved that for x > 0 and ¢ > —1 the differential inequality
— @V (x))" > Vy(x),

that is,
XV, (x) +2V,(x) <0

is valid. Consequently

(szq/(x))/ = x(2V,(x) +xV, (x)) <0
for all x > 0 and ¢ > —1, which means that indeed the function x — szq’ (x) is
strictly decreasing on (0, ) for g > —1.

c¢. Recall the following differentiation formula [10, p. 439]

Vo(x) = 2x(Vy (x) = Vg1 (), (2.4)

which holds for ¢ > 0 and x > 0. Here by convention V_;(x) = 1/x, see [10, p.
435]. On the other hand, it is known [1, Theorem 7] that if p > g > —1, then
x — V,(x) — V,(x) is strictly increasing on (0, o). Consequently,

x e x W) = 20V, (6) — Vi1 ()
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is strictly increasing on (0, o) for all g > 0.

d. Using again the fact that [1, Theorem 7] if p > g > —1, then the function x —
V,(x)/Vy(x) is strictly increasing on (0,c0), we get that

58
:

is strictly increasing on (0, c0) for all ¢ > 0. O

Now, we recall the definition of convex functions with respect to Holder means or
power means. For a € R, a € [0,1] and x,y > 0, the power mean H, of order a is
defined by
“q(l—apy)*, a#0
H , — (a‘x +( y ) .
a(x )’) { xaylfa’ a=0

We consider the continuous function ¢ : I C (0,00) — (0,0), and let H,(x,y) and
Hp(x,y) be the power means of order a and b of x >0 and y > 0. For a,b € R we
say that ¢ is H,Hj,-convex or just simply (a,b)-convex, if for a,b € R and for all
x,y € I we have

(P(Ha(x7y)) < Hb((p(x)7 (P(y))

If the above inequality is reversed, then we say that ¢ is H,H)-concave or simply
(a,b)-concave. It is worth to note that (1, 1)-convexity means the usual convexity,
(1,0) is the logarithmic convexity and (0,0)-convexity is the geometrical (or multi-
plicative) convexity. Moreover, we mention that if the function f is differentiable,
then (see [4, Lemma 3]) it is (a,b)-convex (concave) if and only if

1—a ./

xe 20 () [o(x)]" !
is increasing (decreasing).

For the sake of completeness we recall here also the definitions of log-convexity and
geometrical convexity. A function f: (0,00) — (0,00) is said to be logarithmically
convex, or simply log-convex, if its natural logarithm In f is convex, that is, for all
x,y>0and A € [0,1] we have

FOx+(1=2)y) < FEP Fo) .

A similar characterization of log-concave functions also holds. By definition, a
function g: (0,00) — (0,00) is said to be geometrically (or multiplicatively) convex
if it is convex with respect to the geometric mean, that is, if for all x,y > 0 and all
A €[0,1] the inequality

gy ) < [g() g

holds. The function g is called geometrically concave if the above inequality is
reversed. Observe that, actually the geometrical convexity of a function g means that
the function Ing is a convex function of Inx in the usual sense. We also note that the
differentiable function f is log-convex (log-concave) if and only if x — f(x)/f(x) is
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increasing (decreasing), while the differentiable function g is geometrically convex
(concave) if and only if the function x — xg’(x)/g(x) is increasing (decreasing).

The next result is a reformulation of Theorem 1 in terms of power means.
Theorem 2. The next assertions are true:

a. V, is strictly (0,0)-concave on (0,) for g > —1.

b. V, is strictly (—1,1)-concave on (0,) for g > —1.

c. V, is strictly (2,1)-convex on (0,0) for g > 0.

d. V, is strictly (2,0)-convex on (0, ) for g > 0.

In particular, for all ¢ > 0 and x,y > O the next inequalities

Vy <W> <A/ Va(X)Va () < Vo(y/xy) (2.5)

Va(x) +Vy(y) 2xy
()

(2.6)

are valid. Moreover, the second inequality in (2.5) is valid for all ¢ > —1, as well as
the inequality (2.6). In each of the above inequalities we have equality if and only if
xX=y.

Now, we extend some of the results of the above theorem to (a,b)-convexity with
respect to power means. We note that in the proof of the next theorem we used the
corresponding results of Theorem 1. Moreover, it is easy to see that parts a, b, ¢ and
d of Theorem 3 in particular reduce to the corresponding parts of Theorem 1. Thus,
in fact the corresponding parts of Theorem 1 and 3 are equivalent.

Theorem 3. The following assertions are true:
a. V, is strictly (a,b)-concave on (0,) for a,b <0 and g > —1.
b. V, is strictly (a,b)-concave on (0,%) for b < 1and g > —1 > a.
c. V, is strictly

a,b)-convex on (0,00) fora>2,b>1and g > 0.

(a,b)-
(a,b)-
d. V, is strictly (a,b)-convex on (0,0) fora >2,b > 0and g > 0.

e. V, is strictly (a,b)-concave on (0,0) fora < 1,b < —1and g > 0.

Proof. a. We consider the functions u;, vy, w; : (0,00) — R, which are defined by

ul (X)

For a,b < 0 and ¢ > —1 the functions v; and w; are increasing on (0,c0), and by
using part a of Theorem 1, we obtain that the function

x = Mo (x) = u (v (0w () = 2"~V (V)" ()

_57 -



A. Bariczand T. K. Pogény Inequalities for the 1D analogous of the Coulomb potential

is strictly decreasing on (0, ). Here we used that u; (x) <0 forallx >0and ¢ > —1.
According to [4, Lemma 3] we obtain that indeed the function V, is strictly (a,b)-
concave on (0,o) fora,b <0and g > —1.

b. Similarly, if we consider the functions uy, vy, ws : (0,00) — R, defined by
_ —a-1 _ 2y _ yb-1
o) = X7, v = V(). wa(x) = VO (),
then for a < —1 < g and b < 1 the function
x = My(x) = ua(x)va(x)wa(x) = x17“V4’ (x)qu” (x)
is strictly decreasing on (0,0). Here we used part b of Theorem 1.
c. Analogously, if we consider the functions u3,v3, w3 : (0,00) — R, defined by
_ 2-a R _ yb-1
uz(x) = x4 v3(x) =x Vy(x), wi(x) =V, (x),
then for a > 2, b > 1 and g > 0 the function
x = My(x) = uz(x)v3(x)ws(x) = xl_“Vq' (x)qu_1 (x)
is strictly increasing on (0, 0). Here we used part ¢ of Theorem 1.

d. If we consider the functions u4,va,ws : (0,00) — R, defined by

us(x) = x4, va(x) = xilV,;(x)qul(x), wa(x) = Vf(x),

then fora > 2,b <1, g > 0, the function
3x = M (x) = wa (x)va(¥)wa () = £V, () Vg~ (x)

is strictly increasing on (0, o). Here we used part d of Theorem 1.

e. If we consider the functions us, v, wy : (0,00) — R, defined by

us(x) =x'"4 vs(x) =V (x)V, 2 (x), ws(x) =V, (x),

then fora <1,b < —1, g > 0, the function
x = My (x) = s (0)vs (x)ws (x) = x' =V, () vy ()

is strictly decreasing on (0,e0). Here we used the fact that for ¢ > 0 the function
1/V, is strictly convex (see [1, Theorem 2]) on (0,e0), which is equivalent to the
fact that V,, is strictly (1, —1)-concave on (0,c0), or to that the function vs is strictly
decreasing on (0,c0). O

The following theorem presents some Turédn type inequalities for the function V.
These kind of inequalities are named after the Hungarian mathematician Paul Turdn
who proved a similar inequality for Legendre polynomials. For more details on
Turéan type inequalities we refer to the papers [2, 5] and to the references therein.
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Theorem 4. For x > 0 the function q — I'(q+ 1)V, (x) is strictly log-convex on

(=1,00), and if ¢ > —1/2 and x > O, then the next Turdn type inequalities hold
(g+2)(2q+1) q+2
(g+1)(2g+3) g+1

Moreover, the right-hand side of (2.7) is valid for g > —1 and x > 0. The left-hand
side of (2.7) is sharp as x tends to 0.

Vo (9)Var2(x) < V2 () < 2w, (V0 (0). 2.7)

Proof. We use the notation f(g) =I'(¢g+ 1)V, (x). Since [1, p. 426]

1 oo 14
V. = — [ — |
0=t b ¢ g

it follows that
14

f(q):‘/o e_ (.x2+t)1/2dt

By using the Holder-Rogers inequality for integrals we obtain that for all g1,g2 >
—1,q1 # g2, a € (0,1) and x > 0 we have

oo et O‘)qz
f(at]1+(1—0‘)612)_/0 e W

o 102 I-a
—t
_/( +t1/2> (e (x2+t)1/2) a
Pl « = 192 I-a
—1‘7 -t__
<</0 ¢ @t ) (/0 ¢ (x2+t)1/2dt>

= (f(q1)*(f(q2))"" %,

that is, the function f is strictly log-convex on (—1,0) for x > 0. Now, choosing
o =1/2, q1 = q and g» = g+ 2 in the above inequality we obtain the Turdn type
inequality

Flg+1) < fg)flg+2)

which is equivalent to the inequality

I'(g+3)I'(g+1)
I%(q+2)

valid for ¢ > —1 and x > 0. After simplifications we get the right-hand side of (2.7).

Vy(X)Vg+2(x),

Vq+1( )

Now, we focus on the left-hand side of (2.7). First observe that from (2.3) it follows
that V;(x) < 0 for all x > 0 and ¢ > —1. In view of the differentiation formula (2.2)
this implies that for x > 0 and ¢ > —1 we have

(2 + 1)Vy(x) <2(g+1)Vgt1(x). (2.8)

On the other hand, recall that the function x — V., 1(x)/V,(x) is strictly increasing
on (0,e0) for g > —1, that is, the inequality

(Vi1 (0) V() >

- 59 -



A. Bariczand T. K. Pogény Inequalities for the 1D analogous of the Coulomb potential

is valid for x > 0 and ¢ > —1. By using (2.2) it can be shown that the above assertion
is equivalent to the Turdn type inequality

(q+ DV () = (g +2)Vg (@) Va2 (x) > =V, () Vg1 (), 2.9)
where x > 0 and ¢ > —1. Combining (2.8) with (2.9) for ¢ > —1/2 and x > 0 we
have

2(g+1) »

(@ V(9 = (a+ 2V (WVara(0) > = STV (),
which is equivalent to the left-hand side of (2.7).

Finally, since

[(g+1/2)
Vq(0) = my
it follows that )
V,:1(0) ~ (g+2)(2g+1)
Va(0)Vas2(0)  (g+1)(2¢+3)’
and thus indeed the left-hand side of (2.7) is sharp as x tends to 0. O]

3 Concluding remarks and further results

3.1 Connection with Tricomi confluent hypergeometric functions
and Turan type inequalities

First consider the Tricomi confluent hypergeometric function, called also sometimes
as the confluent hypergeometric function of the second kind, y(a,c,-), which is a
particular solution of the so-called confluent hypergeometric differential equation

aow” (x) + (c —x)w' (x) —aw(x) =0

and its value is defined in terms of the usual Kummer confluent hypergeometric
function ®(a,c,-) as

I'(l—c)
Ia—c+1)

I'(c—1)

@) X' T®(a—c+1,2—c,x).

®(a,c,x)+

y(a,c,x) =

For a,x > 0 this function possesses the integral representation

1

_ i —xt a—1 1 c—a—1
y(a,c,x) M) ./0 et (141) dt,

and consequently we have

( ) x2q+1 /oo e_xzu ud d 2q+1 ( 1 3/2 2) (3 1)
V,(x) = u=2Xx + + X7). .

Thus, the Turan type inequality (2.7) can be rewritten as

(a+1)2a—1) - v (a+1,a+3/2,x) - a+1
@at1) " ylaar/a0(at Lat32n) - a

; (3.2)
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where a > 1/2 and x > 0 on the left-hand side, and @ > 0 and x > 0 on the right-hand
side. Now, applying the Kummer transformation

v(a,c,x) =x""y(l+a—c,2—c,x),
the above Turdn type inequality becomes

c(2¢—3) w2 (1/2,¢,x) 2¢—-3
c—D2e—1) ~ w1 /2e—1,0w(/2,c41x) ~2e—1’

(3.3)

where x > 0 > ¢ on the left-hand side, and ¢ < 1/2 and x > 0 on the right-hand side.
It is important to mention here that the right-hand side of (3.3) is not sharp when
¢ < 0. Namely, in [5, Theorem 4] it was proved that the sharp Turan type inequality

l[/z(a,c,x) —vy(a,c—1,x)y(a,c+1,x) <0
is valid fora >0 >candx >0ora>c—1>0and x > 0. This implies that
y2(1/2,¢,x)
1[/(1/2,6‘— I,X)V/(I/Z,C+ lax)

holds for ¢ < 0 and x > 0 or ¢ € (1,3/2) and x > 0, and the constant 1 on the right-
hand side of this inequality is the best possible. The above Turan type inequality
clearly improves the right-hand side of (3.3) when ¢ < 0, and this means that for
g > —1 and x > 0 the right-hand side of (2.7) can be improved as follows

<1

V2 (%) < V(x)Vgsa(x). 3.4)

Note also that very recently Baricz and Ismail in [5, Theorem 4] proved the sharp

Turan type inequality
a

mwz(a,c,x) <y(a,c,x) = yla,c— Lx)y(a,c+1,x),
which is valid for @ > 0 > ¢ and x > 0. This inequality can be rewritten as

cla—c+1) v2(a,c,x)
(c—1)(a—c) ~yla,c—1,x)y(a,c+1,x)’

which for a = 1/2 reduces to the left-hand side of (3.3). It is important to note here
that according to [5, Theorem 4] in the above Turan type inequalities the constants

a(cla—c+1))"" and (c(a—c+1))/((c—1)(a—c))~"
are best possible, and so is the constant
c(2¢=3)/((c=1)(2c 1))~
in (3.3).

We also mention that the method of proving (2.7) is completely different than of the
proof of [5, Theorem 4]. Note also that the sharp Turan type inequality (3.4) is in
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fact related to the following open problem [2, p. 87]: is the function g — V,(x) log-
convex on (—1,00) for x > 0 fixed? If this result were be true then would improve
Alzer’s result [1, Theorem 3], which states that the function g >V, (x) is convex on
(—1,00) for all x > 0 fixed.

Recently, for x > 0 Simon [11] proved the next Turan type inequalities

W(ai lvci 1,X)l[/(a+1,C+17X)*1I/2(G7C,X) S lwz(aac7x)W(a+17C+lax)a
X
(3.5)

v(a,c—1,x)y(a,c+1,x) — y*(a,c,x) < %w(a,m) v(a,c—1,x). (3.6

In (3.5) it is supposed thata > 1 and ¢ < a+ 1, while in (3.6) it is assumed that a > 1
or a > 0and ¢ <a+2. By using (3.1) the inequality (3.5) in particular reduces to

Val@)Vas2(x) < V2 () (14672091000

where ¢ > —1 and x > 0. Now, observe that by using the above mentioned Kummer
transformation in (3.1) we obtain

Vo) = w(1/2,1/2—q,2),

and by using this, (3.6) in particular reduces to

Va0V (x) V2 () < Vo (Vyea(),

where ¢ > —1 and x > 0. Combining this inequality with (3.4) forg > —1 andx >0

we obtain |

7;Vq+1 (X)Vgs2(x) < Vr12+1 (x) = V4 (x)Vgs2(x) <O0.

3.2 Connection with Mills ratio and some new bounds for this
function

In this subsection we would like to show that the inequalities presented above for
the function V,, can be used to obtain many new results for the Mills ratio m. For
this, first recall that Mills’ ratio m satisfies the differential equation [3, p. 1365]
m'(x) = xm(x) — 1 and hence

Vi(x) = (V2-m(xv2)) = 2(V2x-m(xv/2) — 1) = 2(xVp(x) — 1). (3.7

Note that this differentiation formula can be deduced also from (2.4). Observe that
by using (2.2) and (3.7) we get

2Vi (x) = (1 —2x%)Vo(x) 4 2x, (3.8)

8Va(x) = (4x* —4x® +3)Vp(x) +2x(3 — 24%).
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Now, if g — —1 in (3.4), then we get that the Turdn type inequality
V3 (x) < Vo (Vi (v)
is valid for x > 0, and this is equivalent to
2xVE (x) 4+ (242 — 1)Vp(x) — 2x < 0.
From this we obtain that for x > 0 the inequality

1 -2+ VAx* +12x2 + 1
<
4x

Vo(x)
is valid, and rewriting in terms of Mills ratio we get

1—x>+Vxt+6x2 + 1
< .
4x

m(x)

Similarly, if we take ¢ = 0 in the left-hand side of (2.7), then we get
2o (x)Va(x) < 3VE(x),
which can be rewritten as
4x(x* — 1)V (x) + (3 — 1062V (x) 4+ 6x > 0.

From this for x > 0 we obtain

1062 — 3 — VA4x* +36x2+9

Yoo < 8x(x2—1) ’

which in terms of Mills ratio can be rewritten as

m(x) < 5x2—3—vVxX*+18x24+9
4x(x2 —2) ’

where x > 0. As far as we know these upper bounds on Mills ratio m are new. We
note that many other results of this kind can be obtained by using for example (3.4)
for g = 0 or by using the other Turan type inequalities in the previous subsection.

Finally, we mention that if we take in (2.4) the value ¢ = 0 and we take into account
that Vj is strictly decreasing on (0,e0), we get the inequality Vp(x) < 1/x, which
in terms of Mills ratio can be rewritten as m(x) < 1/x. This inequality is the well-
known Gordon inequality for Mills’ ratio, see [7] for more details. Note that the
inequality Vp(x) < 1/x can be obtained also from (2.8), just choosing ¢ = 0 and
taking into account the relation (3.8) between V;y and V. It is important to mention
here that Gordon’s inequality m(x) < 1/x is in fact a particular Turdn type inequality
for the parabolic cylinder function, see [5, p. 199] for more details.
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3.3 Other results on Mills ratio and their generalizations

It is worth to mention that it is possible to derive other inequalities for V,, and its
particular case m by using the recurrence relations for this function. Namely, from
(2.4) we get that

Vy(x) < Vy_i(x)
for g > 0 and x > 0, and by using (2.2) we obtain
(Vy (%)) = 2(g+ 1) (V(x) = V11 () > 0,
where x > 0 and ¢ > —1. On the other hand, by using (2.4) it follows
(Vo (x))' = (2% + 1)V, (x) — 20V, (x),
and from the previous inequality we get the inequality

Vy(x) S 22
Vemi(x) © 282417

(3.9)

which holds for all g > 0 and x > 0. Now, if we take ¢ =0 and ¢ = 1 in (3.9) we
obtain the inequalities

2x 2x(2x* +1)
A 4 i S
a1 W< gE e

where x > 0 on the left-hand side, and xv/2 > v/v/2 — 1 on the right-hand side. This
inequality in terms of Mills ratio can be rewritten as

x(x*+1)
22 -1’

m(x) < (3.10)

X241

where x > 0 on the left-hand side and x > \/+/2 — 1 on the right-hand side. Observe
that the right-hand side of (3.10) is better than Gordon’s inequality m(x) < 1/x when
x > 1. We also note that the left-hand side of (3.10) is known and it was deduced by
Gordon [7].

Now, let us consider the functions f1, f3, f3, fa, f5 : (0,00) — R, defined by

N 1 x(x*41)

fl(x) = ma f2(.X) = ;a f3(x) = m’

=24 VAT 621 53— VA 18249
fal) = i STy

Figure 1 shows that the above new upper bounds (for the Mills ratio of the standard
normal distribution) are quite tight.
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Figure 1

The graph of Mills’ ratio m of the standard normal distribution and of the bounds fi, f>, f3, f4 and f5 on
[0.7,3].

3.4 Connection with Gaussian hypergeometric functions

Here we would like to show that V,, can be expressed in terms of Gaussian hyper-
geometric functions. For this, we consider the following integral [9, p. 18, Eq.
2.29]

” P~ ldx cvrP L ae
- B(p, - F( . Ds ; ——)
/0 (c+bx)Y (a+dx)*  bPd+ (p,u+v—p)2Fi (1, p;u+v o
d—utp bd

— 5 B(p,u+Vv—p)2Fi (V,p;,u-l-\/;l—) ,
cvVaP ac

valid in both cases for all 0 < p < u + v. Specifying inside

1
v=nUu=gz, p:q+17
n 2
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we conclude

x2atl oo 2\ " ride
V,(x) = = [ lim (1+22
o) F(614-1)/0 nl—r>I°1°( * n) 1+t

1 T(n+4— 1
_ L gen 22 —9) 2F) <

1 n
L gtlmgaa- 2
X n—oo 1"<n+%) 27‘14' Vl+2 x2)

X2l T+ 3¢ x

1
= lim Filng+1lin+—-;1—— |.
L(g+1)ns= T(n+3) g 1( 7 2 n)

3.5 Lower and upper bounds for the function V,

It is of considerable interest to find lower and upper bounds for the function x —
V,(x) itself. Therefore remarking the obvious inequality 1 +a < e“, a € R, we

conclude the following. Having in mind the integral expression (2.1), and specifying
a=u, we get

2q+1 oo q
Vq(x):xi)/o W

I'g+1 V1+u
241 oo
> L/ e (P +5)u a4y
~TI'(g+1)Jo
2q+1x2q+1
= (1+2x2)at1

Similarly, transforming the integrand of (2.1) by the arithmetic mean—geometric
mean inequality 1+ u > 21/u, u > 0, we get

v(x)<—xzq+71 / " gt gy - LT3
= ar(g+1) Jo V2xT(q+1)

Finally, choosing a = x*t !, we get

1 o ud
V., (x 27/ e " ———du
o) L(g+1) Jo Vxz+u
1 ©° x2 1
>—— " | e mul2du
- F(q—|—1)/0

2
L g (x> ,
[(g+1) 2
where

A0 :/ Wl du,
0

stands for the so-called Kritzel function, see [8], and also [6]. Note that further con-

sequent inequalities have been established for the Kritzel function in [6], compare
[6, Theorem 1].
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