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Abstract: This paper deals with the control of a dynamic system where the gains of the
conventional PD controller are previously chosen by fuzzy methods in such a way as to
obtain the optimal trajectory tracking. The gain factors are determined by solving fuzzy
equations, and based on the sufficient possibility measure of the solution. It will be shown,
that the rule premise for the given system input in fuzzy control system may also determine
the possibility of realizing a rule. This possibility can be used for verifying the rule and for
changing the rule-output, too. This leads to the optimization of the output. When
calculating the possibility value the possible functional relation between the rule-premise
and rule-consequence is taken into account. For defining the rule of inference in Fuzzy
Logic Control (FLC) system special class of t-norm is used. The proposed fuzzy logic
controller uses the functional relation between the rule premises and consequences, and the
special class of pseudo-operators in the compositional rule of inference.
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1 Introduction

There is a question that arises during the studying of fuzzified functions: what are
those practical problems where given beside certain fuzzified function parameters,
an approximation can be provided to other unknown but also fuzzy-type function
parameters. If a scruple, linear function relationship is observed, the fuzzification
problem of the

Kpe+Kge=y 1)

type law of the PD-type controller emerges.

The conventional linguistic FLC uses fuzzified quantities e,é (error and error
change) as inputs and y as output. The rules of this system are
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if eisE and éiSE then vyisY

where E,Eand Y are linguistic terms, whose can be NB(negative big),
NM(negative medium), NS(negative small), ZE(zero), PS(positive small),
PM(positive medium), PB(positive big). Fuzzy membership functions cover
linguistic terms. The scaling and normalization of parameters domains are made
by experts.

The input variables of a dynamic system to be controlled can be the error (e),
which is the difference between the desired and the actual output of the system
and the errorchange (€). In a typical PD controller using these variables the y
output is determined by the control law given by the equation (1), where the
control gains K,Kq also could be modified during the operation in order to bring
the system to be controlled into a desired state. There types of FLCs are called
tuning-type controllers. In the literature there are indications regarding the
solution of this problem. Some soft computing based techniques have been
published for the on-line determination of these gains[1].

In further explanation a possible way for tuning these parameters is given, to
achieve an efficient system-performance. The architecture of the proposed
controller can be seen in Fig. 1. The conventional PD controller and the Fuzzy
Logic Controller (FLC) use the same e,é input variables and the FLC also uses
the output y of the PD controller (this is required because of the linear relationship
in Kye+Kyé=y). The FLC gives two crisp outputs, the gains K Kq, to the PD

controller that calculates the new y by using these gains and e,é as inputs. The
rules of the FLC are given in the the form of:

if (e iSE and éisE and yisY)then (Kpist and K ist) 2

where E,E Y, Ky, Kq are linguistic terms, which can be for example N(negative),

Z(zero), P(positive). Fuzzy membership functions cover linguistic terms. The
scaling and normalization of parameters domains are made by experts.

The performance of the propose self tuning controller has been evaluated. For this
purpose a second order differential equation has been chosen. The results serves to
show the effects of the operators used in the rules of inference as well as the
effects of the generalized t-norms.

The theoretical background of the membership functions of the linguistic terms is
given, and the applied generalized t-norms and their generator functions are
summarized, based on the general theoretical publication [2], [3]. A theoretical
interpretation of possibility measure of the rule realization is given using the same
generator function as by definition of the membership functions and applied t-
norm. The functional dependence used to determine the possibility of the rule
plays a very important role. It can be used for the rule base construction, and for
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the inference mechanism as well by narrowing the linguistic rule consequence.
With these narrowing rule consequences a modified FLC model can be
constructed, where the rule consequences are surfaces above the Ky, Ky plane.

In the paper a method which using the functional relationship
between K ,,K .6,y parameters is presented, that creates the rule base on one

hand, and furthermore uses this functional dependence in the inference mechanism
too.
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Figure 1
The architecture of the proposed controller

Figure 1 illustrates how such a tuning FLC can be integrated into the system. The
conventional PD controller and the FLC has the same e,é as inputs and the tuning
FLC also uses the output y of the conventional controller (this is required because
of the linear relationship in (1)). The FLC gives two crisp outputs to the PD
controller that calculates a new y by using these gains and e,é as inputs.

Following the procedure of FLC construction, contains of steps:

stl determination of fuzzification strategy

st2 the choise of quantities to be fuzzified

st3 fuzzification of these quantities and the rule base construction
st4 choosing of inference mechanism

st5 choosing of defuzzification model,

these general steps cover different mathematical procedures depending on the
choice of strategy. This paper presents two procedures on an example: a
Mamdani-type, in which a novel construction of the rule-base is given, and
another one which is said to be possibility-modified and the rule possibilities
integrated into the rule outputs.
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2 General Concept

2.1 Special Types of the Fuzzy Numbers

A fuzzy subset A of a wuniverse of discourse X is defined as
A= {(x,y(x)]x eX,up: X > [0,1]}. Denote FX the set of all fuzzy subsets of X.
The characteristic function of A will be denoted by ya. If the universe is X = %,
and we have a membership function

gtb @ L if5#0

A(X) = 3)

2.(x),  if5=0

aeR,020, then the fuzzy set given by A(x) will be called quasitriangular fuzzy
number with the center o and width 8, and we will recall for it by QTFN(a.,5).

2.2 Pseudo-operators

Generally details about pseudo-analysis and pseudo-operators we can read in [4],
[5]and [6].

Pseudo-analysis
The base for the pseudo-analysis is a real semiring, defined in the following way:
Let [a,b] be a closed subinterval of [-w,+o] (in some cases semi-closed
subintervals will be considered) and let < be a total order on [a,b]. A semiring
is the structure (<,®,®) if the following hold:
= @ is pseudo-addition, i.e., a function @:[a,b]x[a,b]— [a,b] which is
commutative, non-decreasing (with respect to <), associative and with a
zero element denoted by O;
= ® is pseudo-multiplication, i.e., a function ® :[a,b]x[a,b]— [a,b]
which is commutative, positively non-decreasing (x<y implies
x®z<x®y where zea,b)], =1{zz <[a,b}0=z} associative and for
which there exists a unit element denoted by 1.
= 0®z=0
r x®(y®z)=(x®y)®(x®2)
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Three basic classes of semirings with continuous (up to some points) pseudo-
operations are:

Q) The pseudo-addition is an idempotent operation and the pseudo-
multiplication is not.

(i) Semi-rings with strict pseudo-operations defined by a monotone and
continuous generator function g : [a,b]— [0,+], i.e., g-semirings:
x®@y=g"(g(x)+g(y)) and x®y =g (g(x)a(y)).
(iii) Both operations, @ and ®, are idempotent.
More on this structure can be found in [4].
T-norm as the Pseudooperator

Let T: 1> - I, (1=[0,1]) be a a t-norm. The t-norm is Archimedian if and only if it
admits the representation T(a,b)=g~*(g(a)+ g(b)), where the generator function

g:1 >R" is continuous, strictly decreasing function, with the boundary
conditions ,g(0) =1,g(1) =0 and let

-1
g(—l)(x): {9 (x) xel 4)
0 Xl

the pseudoinverse of the function g. The generalization of this representation is

Tplab)= g (g (@) + " 0)) ©

and it can be said, that the Tg, function is an Archimedian t-norm given by

generator function g ", p e[L,x).

t-norms were introduced as binary operations. Since they are associative, they also
can be considered as operations with more than two arguments.

(i) The associativity (T2) allows us to extend each t-norm T in a unique way
to an n-ary operation by induction, defined for each n-tuple

(X1, X5,.%, )€ [0.4]", (ne N U{0})as
0 n n-1
Tx=LTx :T(T xi,xn]zT(xl,xz,...xn)
i=1 i=1 i=1
If, in a specific case, we have X; = X, =...= X,; = X, in short, it can

be written in the form Xg') instead of T(x, X,...x).
(NS —

n
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(i) The fact that each t-norm T is weaker than the minimum T, makes it
possible to extend it to a countable infinity operation, putting for each

(Xi )ieN € [0’1]N

Note that the limit on the right side always exists, since the sequence

)

is non-increasing and bounded from below.

Continuity of the T-norms

In general, a real function of two variables, e.g., with the domain [0,1] may be
continuous in each variable without being continuous on [0,1]2. Triangular norms
and conorms are exceptions from this.

Proposition. A t-norm is continuous if and only if it is continuous in its first
component, i.e., for each fixed ye [0,1] the one-place function
T(,y):[01]— [02], or briefly x —T(x, y) is continuous.

Keeping in mind that the only extra property for the t-norm T was the

monotonicity, the proposition can be extended for any monotone function F of two
variables, which is continuous in both components.

For applications quite often weaker forms of continuity are sufficient.

2.3 FLC Systems

One rule in a FLC system has form: if xis A(x) then yis B(y), where x is the
system input, y is the system output, X is A(x) is the rule-premise, yis B(y) is
the rule-consequence. A(x) and B(y) are linguistic terms and they can be described
by QTFN-s.

For a given input fuzzy set A (x) in a mathematical-logical sense, the output
fuzzy set B' (y) the model of the compositional rule of inference in the Mamdani
type controller will be generated with a Generalized Modus Ponens (GMP):
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3 (7)=sup T(T (A, A (1), 8(4)=T| 5T (A(x). A () 50 ®

DOF

where DOF is the degree of firing value for the rule.

2.4 The Fuzzification of the Linear Equalities

Possibility Logic

In possibility logic the propositions can be true or false, but we do not know
exactly their truth value. If we know the truth value of several of them, then we
can infer the truth value of more complex terms.

Every proposition peP, (where the (P,v,A,—) is a Boolean-algebra) has:

Possibilistic measure: Poss(p)

Necessity measure: Nec(p), with the following properties:
e Poss (false)=0=Nec(false)
e  Poss(true)=1=Nec(true)
Vvp,qeP , Poss(pvg)=max(Poss(p),Poss(q))
vp,qeP , Nec(paq)=min(Nec(p),Nec(q))
VpeP , Nec(p)=1-Poss(—p)

The essential consequences are:
max(Poss(p),Poss(—p))=1
min(Nec(p),Nec(—p))=0
Nec(p)<Poss(p).

For us the following properties are important
Poss(pAq) < min(Poss(p),Poss(q))

Nec (pvq) > max(Nec(p),Nec(q))

For o,p¢€l

0 ifa+p<l

almﬂ:{ﬂ ifa+p>1

is a monotone increasing operation. It is easy to see, that

Poss(pAq) > Nec(p) Im Poss(q).
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Possibility Measure of the Control Law

The e, €,y values in (1) are uncertain, so they can be replaced by the
quasitriangular fuzzy numbers,

&(e)= g(‘l)pe;—evq, ee) isa(e,, ;) type fuzzy number
1

ée)= g(‘l)pe;—e"'j, ée) isa(é,,5,) type fuzzy number
2

y(2)= g(”['Z;—y“'j . ¥ (2) is a (y,82) type fuzzy number, (8,,5, 85>0).
3

If 51,8, 8:=0, then é(e)= 7, (e).e(é) =, (¢), V(z)=x, (z)are singletons,
given by characteristic functions.

Kpe+Kgé-y-1=0
We can give a (g,p,8) fuzzification of this equality:

(| [Koey —Kat, — ¥
O'(Kp7Kd)_g ||(Kp511Kd52’531|

q
o(K,Ky) is a possibilistic measure of equality
EQle.&.9) K. Ko ) zo)= ol Ko ). e
Poss(K ,& + Kqé = §) = (K, Kg ).

For fixed KKy values we have an interpreted term, and o(K,,Kg) is the truth
value for them in possibility logic. KKy have to be choosen to provide the
maximum value of o(K,,Kg) which is equal to 1.

A conventional IF ... THEN rule to determine KK in case of givene, €y is the
following:

IF &(¢) AND &(¢) AND §(z)THEN K (K, JAND K (Kg).

The possibility of realization of this rule by using these inputs and taking into
account the linear relatian between the parametrs (Eq. (1)) results in the modified
rule

IF &(e) AND é(¢) AND y(z) THEN G(Rp(Kpj, Kq (Kd )j
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Possibility and Necessity Measures of the Equation System

If some dynamically not coupled systems, given in Fig. 2 work simultanously then
an equation type (1) can be related to each system. The possibility measures of
realization of an equation by fixed Kp,Kq is

Poss(K ,& +Kqé = §) = (K ,, Kq ).

If we have two equations, we have o1(Kip,Kig), 02(Kzp,Kag), and the possibility
measure of the simultaneous realization of these equations and simultaneous
working of systems by the actual parameter values is

o((K1p,Kig) A (Kzp,Kzg)) <min(oy(Kyp,Kig), 02(Kzp,Kag))
and furthermore
o1(Kip,Kig) A (Kzp,Kag)) 2Nec(Kyp, Kig) 1M o2(Kap, Kag)=

Kip Kyg)+o
Klleld + O

0 if Nec Kap Kog
(K 5, Kog) if Nec Ky, K og

KZD’KZd)S O-(_‘(Klp'Kld)
sz-sz)> O-<ﬁ<Klp'Kld

<1
>1=

0 if o
G(sz,KZd) if o
0 ((Kop,Kag) A (Kip, K1) 2 Nec (Kap,Kag) 1M o(Kyp, Kig) =

0 if oK,y Ky) < a(ﬁ(sz,KZd))
(Ko Ky) i o-(Klp,Kld)>0'(—.(K2p,K2d))

The necessity of the simultaneous realization of these equations is analogously
Nec ((Kip,Kig) Vv (Kzp,Kag)) Zmax(Nec (Kyp,Kig) , Nec(Kzp,Kag))

when the Nec (Kip,Kig) and Nec(Kzp,Kyg) are the given as heuristic necessity
measures by experts.

The Possibility Model of the Problem (1)

The membership function of the t-norm of fuzzy sets is defined as follows
u(x)v(x) =T (u(x)v(x)) € FR @)
The Mamdani type controller applies the rule: if xis x(x) then yis v(y),
where X is the system input, y is the system output, x is ,u(x) is the rule-premise,

yis v(y) is the rule-consequence. p(x) and v(y) are linguistic terms and they can
be described by QTFN-s.
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For a given input fuzzy set 4'(x), in a mathematical-logical sense, the output

fuzzy set v’( y), will be generated with a Generalized Modus Ponens (GMP).

At every fixed xeR a T-fuzzification of the function value of the parametric
function f(ay,ay,...a, X) by the fuzzy parameter vector u, = (,ul,,uz ,...,uk) is a fuzzy
set of FR..

The (9,p,0) fuzzification of a linear equality o, X; + o, X, +.. 40, X, =0, by the
fuzzy vector parameter =(y1, 5 ,...,un) (where the coefficients «; are
uncertainly parameters, and replaced by y; (ai ,5i) QTFN-s, and the fuzzification
of function will be defined by T,, norm), is

G(X): (1){ |I(a,x) J_ (1)[|I(alxl+azxz+...+anxn—aol @®)

|diag(s)-x], - |diag(s)-x],

where

P p %3 1 if p=ow

; 1<
||(v1,v2,...vn]|p: (12_11|VJ| j p<e q={ o if p=1
m?x|v j | p=co L_ otherwise

and diag(o) is a diagonal matrix from elements &;. o(x) will be called possibility
measure of equality [2]. All the properties, written in the section 2.2. are necessery
for the proof of the propositions above.

Let be Ty, an Archimedian t-norm given by generator function g°, pe[1,).
The membership function of the t-norm of fuzzy sets is defined as follows
() v(x) =T (u(x)v(x)) € FR ©)

The Mamdani type controller applies the rule: if xis x(x) then yis v(y),
where x is the system input, y is the system output, x is y(x) is the rule-premise,
yis v(y) is the rule-consequence. p(x) and v(y) are linguistic terms and they can
be described by QTFN-s.

For a given input fuzzy set 4'(x), in a mathematical-logical sense, the output
fuzzy set \/( y), will be generated with a Generalized Modus Ponens (GMP).

At every fixed xeR a T-fuzzification of the function value of the parametric
function f(a,a,,...a, X) by the fuzzy parameter vector 1, = (1, 115,...14,) is a fuzzy

set of FR.
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Let EQ be a non-fuzzy equality relation on universe. The T-fuzzification of EQ is
a fuzzy set on FRx R

EQ(u(x)w(y)) = SXEST(”(X)'V(V)) = supT (ss(x)(x)) (10)

The (g,p,8) fuzzification of a linear function 1(a,x)= X +@yX, +..+ ayX, by
the fuzzy vector parameter s, =(z4,1t,..14,) (Where the coefficients o are
uncertainly parameters, and replaced by QTFN (ai ,5i), and the fuzzification of
function will be defined by Ty, norm), is given in [4].

The (g,p,d) fuzzification of a linear equality ogX + X, +...+ @ X, = g by the
fuzzy vector parameter g, :(,ul,,uz,...,un) is:

EQ( (12 %), 0 )= 1 (112, X)0) =

— gD |I(0"X] _4(-1) ||(“1X1+0‘2X2+---+0!nxn—0!01 (11)
o(x)=g [| - ] [ ||diag(5)-x||q

o(x) will be called possibility measure of equality [2],[3].

3 Construction of the Mamdani-type FLC for
Control Law, Example

stl Let us chose a Mamdani-type linguistic model for the problem (1).

st2 e,é,y quantities are uncertain, fuzzified, and comprise the FLC and the

rule-inputs. K,, Ky are also uncertain, fuzzified but they comprise the
outputs. The rule type for the scaling of the gain papameters K, Kg is

if (e iSE and éisE and yisY) then (Kpist and Ky ist)
shortly

if ENEnY(e) then K,nKy(k) or if ENEnY(e) then K(k) .
(Details see in [4])

st3  Experts can provide those [-L,,L.J[-L L] intervals where e,e

quantities exist. For simplification and generalization of the problem these
[~ Le,Le [~ Ls,Ls] intervals are normalized and transformed into interval

[-1,1]. During the scaling operation e,é receive 77 linguistic terms, there
being determined by (3) type fuzzy numbers, for example
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gV =) it gexo
de

E(e)=
Ze, (€), ifde=0
e\é NB NM NS ZE PS PM PB
NB NB NB NB NM NM NS ZE
NM NB NB NM NM NS ZE PS
NS NB NM NM NS ZE PS PM
ZE NM NM NS ZE PS PM PM
PS NM NS ZE PS PM PM PB
PM NS ZE PS PM PM PB PB
PB ZE PS PM PM PB PB PB

Table 1
These 49 possibilities would increase seven times if the y quantity was normalized
and scaled likewise. It should be noted, however, that e,é,y quantities are not

independent from each other. The relationship generally used by experts in such
controllers, (see Table 1 for the y quantity), can be applied for completing input
parameters into the rule. Finally we have 49 different rule inputs. The scaling of y
is the same on normalized interval [-1,1].

For the rule outputs also linguistic terms are defined which are obtained within the
domain of KKy by scaling. The [— LKp ,LKp J[— Lk, 'Lk, ]intervals and the scaling

are determined by experts. For the given E,E,Y the suitable K,,Kq rule outputs
are chosen based on experience meta-rules or tiresome experimental work.

In our case the Kp,Kq4 output fuzzy domains will be determined as such for which
the possibility of law (1) is the greatest, in case of given E,E,Y .

First let us assign linguistic terms to KKy (like by eé)y) on
Lk, L, bl L, Le, ] interval. The possible K, isK,and KqisKy (ie.

KenKg) domain-number is 49.

Define the possibility measure:

K pee + Kqés = Y|

_qtD
)9 Gagto Ko ol

(12)

for each rule-premise . The possibilistic rule is defined as follows:

if ENENY(e) then a(Kp,Kd) or if ENEnY(e) then o(k)
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In principle, any K,~Kg intersection can be assigned as output to the rule-premise,
but in our case the one with the greatest possibility is used, i.e.

poss( i max, j max) = max(mkin(o-@)m Kij@))} ij=1,.7. (13)
i\ k

is  the  greatest.  The  suitable  output s Kjpajma (k)
(Kp MKy €Ki, j=12...7]).
So finally the obtained rule-base is:
if eisN & éisZ & yisN then kpisZ & kd isP
if eiSN & é iSP & yisZ then kpisZ&kdisZ
if eisZ & é isN & yisN then kpisP &kd is Z
ifeisZ & éisZ & yisZ then kpisZ&kdisZ
if eisZ & éisP & yisP then kpisN&kdisZ
if eisP & éisN & yisN then kpisZ &kdisZ
if eisSP & éisZ & yisP then kpisZ&kdisN
if eisP & é isP & yisP then kpisZ & kd is P
st4  The inference mechanism is the GMP.
if ENEnY(e) then K(k)
EimEiin@ (14)

Ko (k)

where E; NE; NY,(e) is the really, actual FLC input.

st5  The defuzzification can be one of the generally accepted methods. The
outputs of the j-th rule are KPJ?( Kp) and KD(Kd), the rule base output

is obtained by summarizing all of them:

)= max  KPP(K,)KD°(Ky)= max KD?(Ky) (15)

KPO (K,
j=1,2...10 j=1,2...10

The FLC outputs after defuzzification are:
sumK , -KP°(K sumK.. -KD°(K
um K, -KP(K, ) sumK g KD (K )

- ,K§ = (16)
(o] o]
s%r)n KP (Kp) Slklgn KD°(K4)

*
p

The modified system of rules consists of if ENENY(e) then K(k)no(k)
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rules.
Thus the output in case of one rule is as follows:
if ENEnY() then K(k)nolk)

Ein Ei M"Y, (_e)

(7)

Kposs &)

KPOSS(K) = Kposs( Ko Ky ) is a surface above the K;,Kq plaine, and it is described

with a matrix. The summarized rule base output is computed with max too, as in
(12).

The defuzzification process is:

sum K , < KP° (K| sumKD® (K, J+ K,
K =2 . K=K . , where the * operation is
sumKp® (K, sumkD°(K, |
Kp Kp

multiplication of matrixes KP°, KD° and vectors KKy, and the Sum is summa of
all the elements of matrixes KP°, Kd°.

st6  The defuzzification can be one of the generally accepted methods.
Example 1
Letbe|- Ly Ly, |=|- Lk, L«, |=[-400400].

For rule-premise if e isPM and éisNM and vyisZE from the rule-base,
and for g(t)=1-t, q=oo the possibility measure is:

2 2
K, - S+Ky|-=1]-0
P 3 "(3)‘.

-QKp|+|Kd|+1)

o(K,.Kqe)=g™Y

W
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Figure 2

poss(imax, jmax) = poss(4,4)=1 (see Figure 2)

Figure 3

Figure 3 shows the chosen rule-consequence. The complete rule is

if eisPM and éisNM and yisZE then K, is ZE and K, isZE.

3.1 Modified Mamdani Model

The modified model differs from the one described in the previous part, in which
instead of using only possibility measure based or only linguistic outputs their
intersection is used. Therefore, the modified system of rules consist of
if ENEnNY(e) then K(k)no(k)rules. Thus the inference mechanism is as
follows:
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if ENEnY() then K(k)no(k)
EimEiin(g)

Kposs k)
Example 2: For the same parameter-choice from Example 1. Kposs(g) form is

shown on the Figure 4. Consequently, the linear dependence of the parameters are
not used only in the rule base construction andverification but in the inference
mechanism as well, thus narrowing the linguistic rule consequence. Bearing in

mind that the rule output is two-dimensional, geometrically the KpOSS(K) forms
are more complex nevertheless, a suitable defuzzification procedure can be found.

rmodif. Kout

Koo 00 -0 ki

Figure 4
Conclusions

The (1) type law of the PD-type controller, as linear function relationship, was
fuzzified using function-fuzzification theory. The calculation of possibility
measure offers new horizons for the rule base construction and verification not
only in the case of linear function relationship but also in any general function
relationships. Out of the values poss(i max, j max), the greatest that determined

the K(k) domain, is in interval [0,1], and as realization measure of the given rule,

it is a rule-weighing. So we obtain a narrowing linguistic rule-consequence. A new
method for on-line determination of the gains of a PD controller by using a
separate new type fuzzy logic controller is given. Based on the linearity of the
control law the possibility measure of the rules of the FLC were introduced. The
calculation of these possibility measures offers new horizons for the rule base
construction. The proposed new FLC model restricts the Mamdani type rule
consequences to possibility domain. In order to verify the performance of the
proposed controller simulation has been carried out. It was concluded that in case
of the application of generalized t-norms and pseudo-operators in the rules and in
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the inference mechanism the new method provide better performance than the
conventional type controller.
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